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Preface

The majority of data sets collected by researchers in all disciplines are mul-
tivariate, meaning that several measurements, observations, or recordings are
taken on each of the units in the data set. These units might be human sub-
jects, archaeological artifacts, countries, or a vast variety of other things. In a
few cases, it may be sensible to isolate each variable and study it separately,
but in most instances all the variables need to be examined simultaneously
in order to fully grasp the structure and key features of the data. For this
purpose, one or another method of multivariate analysis might be helpful,
and it is with such methods that this book is largely concerned. Multivariate
analysis includes methods both for describing and exploring such data and for
making formal inferences about them. The aim of all the techniques is, in a
general sense, to display or extract the signal in the data in the presence of
noise and to find out what the data show us in the midst of their apparent
chaos.

The computations involved in applying most multivariate techniques are
considerable, and their routine use requires a suitable software package. In
addition, most analyses of multivariate data should involve the construction
of appropriate graphs and diagrams, and this will also need to be carried
out using the same package. R is a statistical computing environment that is
powerful, flexible, and, in addition, has excellent graphical facilities. It is for
these reasons that it is the use of R for multivariate analysis that is illustrated
in this book.

In this book, we concentrate on what might be termed the “core” or “clas-
sical” multivariate methodology, although mention will be made of recent de-
velopments where these are considered relevant and useful. But there is an
area of multivariate statistics that we have omitted from this book, and that
is multivariate analysis of variance (MANOVA) and related techniques such as
Fisher’s linear discriminant function (LDF). There are a variety of reasons for
this omission. First, we are not convinced that MANOVA is now of much more
than historical interest; researchers may occasionally pay lip service to using
the technique, but in most cases it really is no more than this. They quickly
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move on to looking at the results for individual variables. And MANOVA for
repeated measures has been largely superseded by the models that we shall
describe in Chapter 8. Second, a classification technique such as LDF needs
to be considered in the context of modern classification algorithms, and these
cannot be covered in an introductory book such as this.

Some brief details of the theory behind each technique described are given,
but the main concern of each chapter is the correct application of the meth-
ods so as to extract as much information as possible from the data at hand,
particularly as some type of graphical representation, via the R software.

The book is aimed at students in applied statistics courses, both under-
graduate and post-graduate, who have attended a good introductory course
in statistics that covered hypothesis testing, confidence intervals, simple re-
gression and correlation, analysis of variance, and basic maximum likelihood
estimation. We also assume that readers will know some simple matrix alge-
bra, including the manipulation of matrices and vectors and the concepts of
the inverse and rank of a matrix. In addition, we assume that readers will
have some familiarity with R at the level of, say, Dalgaard (2002). In addition
to such a student readership, we hope that many applied statisticians dealing
with multivariate data will find something of interest in the eight chapters of
our book.

Throughout the book, we give many examples of R code used to apply the
multivariate techniques to multivariate data. Samples of code that could be
entered interactively at the R command line are formatted as follows:

R> library("MVA")

Here, R> denotes the prompt sign from the R command line, and the user
enters everything else. The symbol + indicates additional lines, which are
appropriately indented. Finally, output produced by function calls is shown
below the associated code:

R> rnorm(10)

[1] 1.8808 0.2572 -0.3412 0.4081 0.4344 0.7003 1.8944
[8] -0.2993 -0.7355 0.8960

In this book, we use several R packages to access different example data sets
(many of them contained in the package HSAUR2), standard functions for the
general parametric analyses, and the MVA package to perform analyses. All of
the packages used in this book are available at the Comprehensive R Archive
Network (CRAN), which can be accessed from http://CRAN.R-project.org.

The source code for the analyses presented in this book is available from
the MVA package. A demo containing the R code to reproduce the individual
results is available for each chapter by invoking

R> library("MVA")
R> demo("Ch-MVA") ### Introduction to Multivariate Analysis
R> demo("Ch-Viz") ### Visualization


http://CRAN.R-project.org

R>
R>
R>
R>
R>
R>

demo ("Ch-PCA")
demo ("Ch-EFA")
demo ("Ch-MDS")
demo ("Ch-CA")

demo ("Ch-SEM")
demo ("Ch-LME")

Preface

### Principal Components Analysis
### Exploratory Factor Analysis
### Multidimensional Scaling

### Cluster Analysis

### Structural Equation Models
### Linear Mixed-Effects Models

Thanks are due to Lisa Most, BSc., for help with data processing and

ETEX typesetting, the copy editor for many helpful corrections, and to John

Kimmel, for all his support and patience during the writing of the book.

January 2011

Brian S. Everitt, London
Torsten Hothorn, Miinchen
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1

Multivariate Data and Multivariate Analysis

1.1 Introduction

Multivariate data arise when researchers record the values of several random
variables on a number of subjects or objects or perhaps one of a variety of
other things (we will use the general term “units”) in which they are interested,
leading to a vector-valued or multidimensional observation for each. Such data
are collected in a wide range of disciplines, and indeed it is probably reasonable
to claim that the majority of data sets met in practise are multivariate. In
some studies, the variables are chosen by design because they are known to
be essential descriptors of the system under investigation. In other studies,
particularly those that have been difficult or expensive to organise, many
variables may be measured simply to collect as much information as possible
as a matter of expediency or economy.

Multivariate data are ubiquitous as is illustrated by the following four
examples:

e Psychologists and other behavioural scientists often record the values of
several different cognitive variables on a number of subjects.

e FEducational researchers may be interested in the examination marks ob-
tained by students for a variety of different subjects.
Archaeologists may make a set of measurements on artefacts of interest.
Environmentalists might assess pollution levels of a set of cities along with
noting other characteristics of the cities related to climate and human
ecology.

Most multivariate data sets can be represented in the same way, namely in
a rectangular format known from spreadsheets, in which the elements of each
row correspond to the variable values of a particular unit in the data set and
the elements of the columns correspond to the values taken by a particular
variable. We can write data in such a rectangular format as

B. Everitt and T. Hothorn, An Introduction to Applied Multivariate Analysis with R: Use R!, 1
DOI 10.1007/978-1-4419-9650-3 1, © Springer Science+Business Media, LLC 2011
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Unit Variable 1 ... Variable ¢
1 T11 N :Elq
n Tnl RPN Tngq

where n is the number of units, ¢ is the number of variables recorded
on each unit, and z;; denotes the value of the jth variable for the ith unit.
The observation part of the table above is generally represented by an n x
q data matriz, X. In contrast to the observed data, the theoretical entities
describing the univariate distributions of each of the ¢ variables and their
joint distribution are denoted by so-called random variables X, ..., X,.

Although in some cases where multivariate data have been collected it may
make sense to isolate each variable and study it separately, in the main it does
not. Because the whole set of variables is measured on each unit, the variables
will be related to a greater or lesser degree. Consequently, if each variable
is analysed in isolation, the full structure of the data may not be revealed.
Multivariate statistical analysis is the simultaneous statistical analysis of a
collection of variables, which improves upon separate univariate analyses of
each variable by using information about the relationships between the vari-
ables. Analysis of each variable separately is very likely to miss uncovering
the key features of, and any interesting “patterns” in, the multivariate data.

The units in a set of multivariate data are sometimes sampled from a
population of interest to the investigator, a population about which he or she
wishes to make some inference or other. More often perhaps, the units cannot
really be said to have been sampled from some population in any meaningful
sense, and the questions asked about the data are then largely exploratory in
nature. with the ubiquitous p-value of univariate statistics being notable by
its absence. Consequently, there are methods of multivariate analysis that are
essentially exploratory and others that can be used for statistical inference.

For the exploration of multivariate data, formal models designed to yield
specific answers to rigidly defined questions are not required. Instead, meth-
ods are used that allow the detection of possibly unanticipated patterns in the
data, opening up a wide range of competing explanations. Such methods are
generally characterised both by an emphasis on the importance of graphical
displays and visualisation of the data and the lack of any associated proba-
bilistic model that would allow for formal inferences. Multivariate techniques
that are largely exploratory are described in Chapters 2 to 6.

A more formal analysis becomes possible in situations when it is realistic to
assume that the individuals in a multivariate data set have been sampled from
some population and the investigator wishes to test a well-defined hypothe-
sis about the parameters of that population’s probability density function.
Now the main focus will not be the sample data per se, but rather on using
information gathered from the sample data to draw inferences about the pop-
ulation. And the probability density function almost universally assumed as
the basis of inferences for multivariate data is the multivariate normal. (For
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a brief description of the multivariate normal density function and ways of
assessing whether a set of multivariate data conform to the density, see Sec-
tion 1.6). Multivariate techniques for which formal inference is of importance
are described in Chapters 7 and 8. But in many cases when dealing with
multivariate data, this implied distinction between the exploratory and the
inferential may be a red herring because the general aim of most multivariate
analyses, whether implicitly exploratory or inferential is to uncover, display,
or extract any “signal” in the data in the presence of noise and to discover
what the data have to tell us.

1.2 A brief history of the development of multivariate
analysis

The genesis of multivariate analysis is probably the work carried out by Francis
Galton and Karl Pearson in the late 19th century on quantifying the relation-
ship between offspring and parental characteristics and the development of
the correlation coefficient. And then, in the early years of the 20th century,
Charles Spearman laid down the foundations of factor analysis (see Chapter 5)
whilst investigating correlated intelligence quotient (IQ) tests. Over the next
two decades, Spearman’s work was extended by Hotelling and by Thurstone.

Multivariate methods were also motivated by problems in scientific areas
other than psychology, and in the 1930s Fisher developed linear discriminant
function analysis to solve a taxonomic problem using multiple botanical mea-
surements. And Fisher’s introduction of analysis of variance in the 1920s was
soon followed by its multivariate generalisation, multivariate analysis of vari-
ance, based on work by Bartlett and Roy. (These techniques are not covered
in this text for the reasons set out in the Preface.)

In these early days, computational aids to take the burden of the vast
amounts of arithmetic involved in the application of the multivariate meth-
ods being proposed were very limited and, consequently, developments were
primarily mathematical and multivariate research was, at the time, largely a
branch of linear algebra. However, the arrival and rapid expansion of the use
of electronic computers in the second half of the 20th century led to increased
practical application of existing methods of multivariate analysis and renewed
interest in the creation of new techniques.

In the early years of the 21st century, the wide availability of relatively
cheap and extremely powerful personal computers and laptops allied with
flexible statistical software has meant that all the methods of multivariate
analysis can be applied routinely even to very large data sets such as those
generated in, for example, genetics, imaging, and astronomy. And the appli-
cation of multivariate techniques to such large data sets has now been given
its own name, data mining, which has been defined as “the nontrivial extrac-
tion of implicit, previously unknown and potentially useful information from
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data.” Useful books on data mining are those of Fayyad, Piatetsky-Shapiro,
Smyth, and Uthurusamy (1996) and Hand, Mannila, and Smyth (2001).

1.3 Types of variables and the possible problem of
missing values

A hypothetical example of multivariate data is given in Table 1.1. The special

symbol NA denotes missing values (being Not Available); the value of this
variable for a subject is missing.

Table 1.1: hypo data. Hypothetical Set of Multivariate Data.

individual sex age I(Q depression  health weight

1 Male 21120 Yes Very good 150
2 Male 43 NA No Very good 160
3 Male 22135 No Average 135
4 Male 86 150 No Very poor 140
5 Male 60 92 Yes Good 110
6 Female 16 130 Yes Good 110
7 Female NA 150 Yes Very good 120
8 Female 43 NA Yes  Average 120
9 Female 22 84 No Average 105
10 Female 80 70 No Good 100

Here, the number of units (people in this case) is n = 10, with the number of
variables being ¢ = 7 and, for example, x34 = 135. In R, a “data.frame” is
the appropriate data structure to represent such rectangular data. Subsets of
units (rows) or variables (columns) can be extracted via the [ subset operator;
ie.,

R> hypo[1:2, c("health", "weight")]

health weight
1 Very good 150
2 Very good 160

extracts the values x15, z16 and x5, 26 from the hypothetical data presented
in Table 1.1. These data illustrate that the variables that make up a set of
multivariate data will not necessarily all be of the same type. Four levels of
measurements are often distinguished:

Nominal: Unordered categorical variables. Examples include treatment al-
location, the sex of the respondent, hair colour, presence or absence of
depression, and so on.
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Ordinal: Where there is an ordering but no implication of equal distance
between the different points of the scale. Examples include social class,
self-perception of health (each coded from I to V, say), and educational
level (no schooling, primary, secondary, or tertiary education).

Interval: Where there are equal differences between successive points on the
scale but the position of zero is arbitrary. The classic example is the mea-
surement of temperature using the Celsius or Fahrenheit scales.

Ratio: The highest level of measurement, where one can investigate the rel-
ative magnitudes of scores as well as the differences between them. The
position of zero is fixed. The classic example is the absolute measure of
temperature (in Kelvin, for example), but other common ones includes
age (or any other time from a fixed event), weight, and length.

In many statistical textbooks, discussion of different types of measure-
ments is often followed by recommendations as to which statistical techniques
are suitable for each type; for example, analyses on nominal data should be
limited to summary statistics such as the number of cases, the mode, etc.
And, for ordinal data, means and standard deviations are not suitable. But
Velleman and Wilkinson (1993) make the important point that restricting the
choice of statistical methods in this way may be a dangerous practise for data
analysis—in essence the measurement taxonomy described is often too strict
to apply to real-world data. This is not the place for a detailed discussion of
measurement, but we take a fairly pragmatic approach to such problems. For
example, we will not agonise over treating variables such as measures of de-
pression, anxiety, or intelligence as if they are interval-scaled, although strictly
they fit into the ordinal category described above.

1.3.1 Missing values

Table 1.1 also illustrates one of the problems often faced by statisticians un-
dertaking statistical analysis in general and multivariate analysis in particular,
namely the presence of missing values in the data; i.e., observations and mea-
surements that should have been recorded but for one reason or another, were
not. Missing values in multivariate data may arise for a number of reasons;
for example, non-response in sample surveys, dropouts in longitudinal data
(see Chapter 8), or refusal to answer particular questions in a questionnaire.
The most important approach for dealing with missing data is to try to avoid
them during the data-collection stage of a study. But despite all the efforts a
researcher may make, he or she may still be faced with a data set that con-
tains a number of missing values. So what can be done? One answer to this
question is to take the complete-case analysis route because this is what most
statistical software packages do automatically. Using complete-case analysis
on multivariate data means omitting any case with a missing value on any of
the variables. It is easy to see that if the number of variables is large, then
even a sparse pattern of missing values can result in a substantial number of
incomplete cases. One possibility to ease this problem is to simply drop any
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variables that have many missing values. But complete-case analysis is not
recommended for two reasons:

e Omitting a possibly substantial number of individuals will cause a large
amount of information to be discarded and lower the effective sample size
of the data, making any analyses less effective than they would have been
if all the original sample had been available.

e More worrisome is that dropping the cases with missing values on one
or more variables can lead to serious biases in both estimation and infer-
ence unless the discarded cases are essentially a random subsample of the
observed data (the term missing completely at random is often used; see
Chapter 8 and Little and Rubin (1987) for more details).

So, at the very least, complete-case analysis leads to a loss, and perhaps a
substantial loss, in power by discarding data, but worse, analyses based just
on complete cases might lead to misleading conclusions and inferences.

A relatively simple alternative to complete-case analysis that is often used
is available-case analysis. This is a straightforward attempt to exploit the
incomplete information by using all the cases available to estimate quanti-
ties of interest. For example, if the researcher is interested in estimating the
correlation matriz (see Subsection 1.5.2) of a set of multivariate data, then
available-case analysis uses all the cases with variables X; and X; present to
estimate the correlation between the two variables. This approach appears to
make better use of the data than complete-case analysis, but unfortunately
available-case analysis has its own problems. The sample of individuals used
changes from correlation to correlation, creating potential difficulties when
the missing data are not missing completely at random. There is no guaran-
tee that the estimated correlation matrix is even positive-definite which can
create problems for some of the methods, such as factor analysis (see Chap-
ter 5) and structural equation modelling (see Chapter 7), that the researcher
may wish to apply to the matrix.

Both complete-case and available-case analyses are unattractive unless the
number of missing values in the data set is “small”. An alternative answer to
the missing-data problem is to consider some form of imputation, the prac-
tise of “filling in” missing data with plausible values. Methods that impute
the missing values have the advantage that, unlike in complete-case analysis,
observed values in the incomplete cases are retained. On the surface, it looks
like imputation will solve the missing-data problem and enable the investi-
gator to progress normally. But, from a statistical viewpoint, careful consid-
eration needs to be given to the method used for imputation or otherwise it
may cause more problems than it solves; for example, imputing an observed
variable mean for a variable’s missing values preserves the observed sample
means but distorts the covariance matriz (see Subsection 1.5.1), biasing esti-
mated variances and covariances towards zero. On the other hand, imputing
predicted values from regression models tends to inflate observed correlations,
biasing them away from zero (see Little 2005). And treating imputed data as
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if they were “real” in estimation and inference can lead to misleading standard
errors and p-values since they fail to reflect the uncertainty due to the missing
data.

The most appropriate way to deal with missing values is by a procedure
suggested by Rubin (1987) known as multiple imputation. This is a Monte
Carlo technique in which the missing values are replaced by m > 1 simulated
versions, where m is typically small (say 3-10). Each of the simulated com-
plete data sets is analysed using the method appropriate for the investigation
at hand, and the results are later combined to produce, say, estimates and con-
fidence intervals that incorporate missing-data uncertainty. Details are given
in Rubin (1987) and more concisely in Schafer (1999). The great virtues of
multiple imputation are its simplicity and its generality. The user may analyse
the data using virtually any technique that would be appropriate if the data
were complete. However, one should always bear in mind that the imputed
values are not real measurements. We do not get something for nothing! And
if there is a substantial proportion of individuals with large amounts of miss-
ing data, one should clearly question whether any form of statistical analysis
is worth the bother.

1.4 Some multivariate data sets

This is a convenient point to look at some multivariate data sets and briefly
ponder the type of question that might be of interest in each case. The first
data set consists of chest, waist, and hip measurements on a sample of men
and women and the measurements for 20 individuals are shown in Table 1.2.
Two questions might be addressed by such data;

e Could body size and body shape be summarised in some way by combining
the three measurements into a single number?

e Are there subtypes of body shapes amongst the men and amongst the
women within which individuals are of similar shapes and between which
body shapes differ?

The first question might be answered by principal components analysis (see
Chapter 3), and the second question could be investigated using cluster anal-
ysis (see Chapter 6).

(In practise, it seems intuitively likely that we would have needed to record
the three measurements on many more than 20 individuals to have any chance
of being able to get convincing answers from these techniques to the questions
of interest. The question of how many units are needed to achieve a sensible
analysis when using the various techniques of multivariate analysis will be
taken up in the respective chapters describing each technique.)
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Table 1.2: measure data. Chest, waist, and hip measurements on
20 individuals (in inches).

chest waist hips gender|chest waist hips gender
34 30 32 male 36 24 35 female
37 32 37 male 36 25 37 female
38 30 36 male 34 24 37 female
36 33 39 male 33 22 34 female
38 29 33 male 36 26 38 female
43 32 38 male 37 26 37 female
40 33 42 male 34 25 38 female
38 30 40 male 36 26 37 female
40 30 37 male 38 28 40 female
41 32 39 male 35 23 35 female

Our second set of multivariate data consists of the results of chemical analysis
on Romano-British pottery made in three different regions (region 1 contains
kiln 1, region 2 contains kilns 2 and 3, and region 3 contains kilns 4 and 5). The
complete data set, which we shall meet in Chapter 6, consists of the chemical
analysis results on 45 pots, shown in Table 1.3. One question that might be
posed about these data is whether the chemical profiles of each pot suggest
different types of pots and if any such types are related to kiln or region. This
question is addressed in Chapter 6.

Table 1.3: pottery data. Romano-British pottery data.

A1203 Fe203 MgO Ca0 Na20 K20 Ti02 MnO BaO kiln
18.8  9.522.00 0.79 0.40 3.20 1.01 0.077 0.015
16.9 7.331.650.84 0.40 3.05 0.99 0.067 0.018
18.2 7.641.820.77 0.40 3.07 0.98 0.087 0.014
16.9 7.29 1.56 0.76 0.40 3.05 1.00 0.063 0.019
17.8 7.241.830.92 0.43 3.12 0.93 0.061 0.019
18.8 7.452.06 0.87 0.25 3.26 0.98 0.072 0.017
16.5 7.051.811.73 0.33 3.20 0.95 0.066 0.019
18.0 7.422.06 1.00 0.28 3.37 0.96 0.072 0.017
15.8 7.151.620.71 0.38 3.25 0.93 0.062 0.017
146 6.871.67 0.76 0.33 3.06 0.91 0.055 0.012
13.7 5.831.50 0.66 0.13 2.25 0.75 0.034 0.012
146 6.76 1.63 1.48 0.20 3.02 0.87 0.055 0.016
14.8 7.071.621.44 0.24 3.03 0.86 0.080 0.016
171 7.791.99 0.83 0.46 3.13 0.93 0.090 0.020
16.8 7.86 1.86 0.84 0.46 2.93 0.94 0.094 0.020
15.8 7.651.94 0.81 0.83 3.33 0.96 0.112 0.019

o = e e e e e e e e e e e e
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Table 1.3: pottery data (continued).

A1203 Fe203 MgO Ca0 Na20 K20 Ti02 MnO BaO kiln
18.6 7.852.330.87 0.38 3.17 0.98 0.081 0.018
16.9 7.871.831.31 0.53 3.09 0.95 0.092 0.023
18.9 7.58 2.050.83 0.13 3.29 0.98 0.072 0.015
18.0 7.501.940.69 0.12 3.14 0.93 0.035 0.017
17.8 7.281.92 0.81 0.18 3.15 0.90 0.067 0.017
14.4 7.00 4.30 0.15 0.51 4.25 0.79 0.160 0.019
13.8 7.08 3.430.12 0.17 4.14 0.77 0.144 0.020
14.6 7.09 3.88 0.13 0.20 4.36 0.81 0.124 0.019
11,5 6.375.64 0.16 0.14 3.89 0.69 0.087 0.009
13.8 7.06 5.34 0.20 0.20 4.31 0.71 0.101 0.021
10.9 6.26 3.47 0.17 0.22 3.40 0.66 0.109 0.010
10.1 4.26 4.26 0.20 0.18 3.32 0.59 0.149 0.017
11.6 5.78 5.91 0.18 0.16 3.70 0.65 0.082 0.015
11.1  5.49 4.52 0.29 0.30 4.03 0.63 0.080 0.016
134 6.927.23 0.28 0.20 4.54 0.69 0.163 0.017
124 6.135.69 0.22 0.54 4.65 0.70 0.159 0.015
13.1 6.645.51 0.31 0.24 4.89 0.72 0.094 0.017
11.6  5.393.770.29 0.06 4.51 0.56 0.110 0.015
11.8  5.44 3.94 0.30 0.04 4.64 0.59 0.085 0.013
18.3 1.28 0.67 0.03 0.03 1.96 0.65 0.001 0.014
15.8 2.390.63 0.01 0.04 1.94 1.29 0.001 0.014
18.0 1.50 0.67 0.01 0.06 2.11 0.92 0.001 0.016
18.0 1.88 0.68 0.01 0.04 2.00 1.11 0.006 0.022
20.8 1.510.720.07 0.10 2.37 1.26 0.002 0.016
17.7 1.12 0.56 0.06 0.06 2.06 0.79 0.001 0.013
18.3 1.14 0.67 0.06 0.052.11 0.89 0.006 0.019
16.7 0.92 0.53 0.01 0.051.76 0.91 0.004 0.013
14.8 2.74 0.67 0.03 0.052.15 1.34 0.003 0.015
19.1 1.64 0.60 0.10 0.03 1.75 1.04 0.007 0.018

QUOT O OO = e R W WINNNNNDNNDNNDNNDNDNNNDNDNDNRFE ===

Source: Tubb, A.; et al., Archaeometry, 22, 153-171, 1980. With permission.

Our third set of multivariate data involves the examination scores of a
large number of college students in six subjects; the scores for five subjects are
shown in Table 1.4. Here the main question of interest might be whether the
exam scores reflect some underlying trait in a student that cannot be measured
directly, perhaps “general intelligence”? The question could be investigated by
using ezploratory factor analysis (see Chapter 5).
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Table 1.4: exam data. Exam scores for five psychology students.

subject maths english history geography chemistry physics

1 60 70 0] 58 53 42
2 80 65 66 (0] 70 76
3 53 60 50 48 45 43
4 85 79 71 7 68 79
5 45 80 80 84 44 46

The final set of data we shall consider in this section was collected in a study
of air pollution in cities in the USA. The following variables were obtained for
41 US cities:

S02: SO5 content of air in micrograms per cubic metre;

temp: average annual temperature in degrees Fahrenheit;

manu: number of manufacturing enterprises employing 20 or more workers;
popul: population size (1970 census) in thousands;

wind: average annual wind speed in miles per hour;

precip: average annual precipitation in inches;

predays: average number of days with precipitation per year.

The data are shown in Table 1.5.

Table 1.5: USairpollution data. Air pollution in 41 US cities.

S02 temp manu popul wind precip predays

Albany 46 476 44 116 8.8 33.36 135
Albuquerque 11 56.8 46 244 89  7.77 58
Atlanta 24 61.5 368 497 9.1 48.34 115
Baltimore 47 55.0 625 905 9.6 41.31 111
Buffalo 11 471 391 463 124 36.11 166
Charleston 31 55.2 35 71 6.5 40.75 148
Chicago 110 50.6 3344 3369 10.4 34.44 122
Cincinnati 23 54.0 462 453 7.1 39.04 132
Cleveland 65 49.7 1007 751 10.9 34.99 155
Columbus 26 51.5 266 540 8.6 37.01 134
Dallas 9 66.2 641 844 109 35.94 78
Denver 17 51.9 454 515 9.0 12.95 86
Des Moines 17 49.0 104 201 11.2 30.85 103
Detroit 35 49.9 1064 1513 10.1 30.96 129
Hartford 56 49.1 412 158 9.0 43.37 127
Houston 10 68.9 721 1233 10.8 48.19 103

Indianapolis 28 52.3 361 746 9.7 38.74 121
Jacksonville 14 68.4 136 529 8.8 54.47 116
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Table 1.5: USairpollution data (continued).

S02 temp manu popul wind precip predays

Kansas City 14 54.5 381 507 10.0 37.00 99
Little Rock 13 61.0 91 132 8.2 48.52 100
Louisville 30 55.6 291 593 8.3 43.11 123
Memphis 10 61.6 337 624 9.2 49.10 105
Miami 10 75.5 207 335 9.0 59.80 128

Milwaukee 16 45.7 569 717 11.8 29.07 123
Minneapolis 29 43.5 699 744 10.6 25.94 137

Nashville 18 59.4 275 448 7.9 46.00 119
New Orleans 9 68.3 204 361 84 56.77 113
Norfolk 31 59.3 96 308 10.6 44.68 116
Omaha 14 51.5 181 347 10.9 30.18 98
Philadelphia 69 54.6 1692 1950 9.6 39.93 115
Phoenix 10 70.3 213 582 6.0 7.05 36

Pittsburgh 61 50.4 347 520 9.4 36.22 147
Providence 94 50.0 343 179 10.6 42.75 125

Richmond 26 57.8 197 299 7.6 42.59 115
Salt Lake City 28 51.0 137 176 8.7 15.17 89
San Francisco 12 56.7 453 716 8.7 20.66 67
Seattle 29 51.1 379 531 9.4 38.79 164
St. Louis 56 55.9 775 622 9.5 35.89 105
Washington 29 57.3 434 757 9.3 38.89 111
Wichita 8 56.6 125 277 12.7 30.58 82

Wilmington 36 54.0 80 80 9.0 40.25 114

Source: Sokal, R. R., Rohlf, F. J., Biometry, W. H. Freeman, San Francisco,
1981. With permission.

What might be the question of most interest about these data? Very prob-
ably it is “how is pollution level as measured by sulphur dioxide concentration
related to the six other variables?” In the first instance at least, this question
suggests the application of multiple linear regression, with sulphur dioxide
concentration as the response variable and the remaining six variables being
the independent or explanatory variables (the latter is a more acceptable label
because the “independent” variables are rarely independent of one another).
But in the model underlying multiple regression, only the response is consid-
ered to be a random variable; the explanatory variables are strictly assumed
to be fixed, not random, variables. In practise, of course, this is rarely the case,
and so the results from a multiple regression analysis need to be interpreted
as being conditional on the observed values of the explanatory variables. So
when answering the question of most interest about these data, they should
not really be considered multivariate—there is only a single random variable
involved—a more suitable label is multivariable (we know this sounds pedantic,
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but we are statisticians after all). In this book, we shall say only a little about
the multiple linear model for multivariable data in Chapter 8. but essentially
only to enable such regression models to be introduced for situations where
there is a multivariate response; for example, in the case of repeated-measures
data and longitudinal data.

The four data sets above have not exhausted either the questions that
multivariate data may have been collected to answer or the methods of mul-
tivariate analysis that have been developed to answer them, as we shall see as
we progress through the book.

1.5 Covariances, correlations, and distances

The main reason why we should analyse a multivariate data set using multi-
variate methods rather than looking at each variable separately using one or
another familiar univariate method is that any structure or pattern in the data
is as likely to be implied either by “relationships” between the variables or by
the relative “closeness” of different units as by their different variable values;
in some cases perhaps by both. In the first case, any structure or pattern un-
covered will be such that it “links” together the columns of the data matrix,
X, in some way, and in the second case a possible structure that might be
discovered is that involving interesting subsets of the units. The question now
arises as to how we quantify the relationships between the variables and how
we measure the distances between different units. This question is answered
in the subsections that follow.

1.5.1 Covariances

The covariance of two random variables is a measure of their linear depen-
dence. The population (theoretical) covariance of two random variables, X;
and Xj, is defined by

Cov(X;, X;) = E(X; — i) (X5 — pj),

where p; = E(X;) and p; = E(X); E denotes expectation.

If ©+ = j, we note that the covariance of the variable with itself is simply its
variance, and therefore there is no need to define variances and covariances
independently in the multivariate case. If X; and X; are independent of each
other, their covariance is necessarily equal to zero, but the converse is not
true. The covariance of X; and X is usually denoted by o;;. The variance of
variable X; is 07 = E ((X; — p1;)?). Larger values of the covariance imply a
greater degree of linear dependence between two variables.

In a multivariate data set with g observed variables, there are ¢ variances
and ¢(q — 1)/2 covariances. These quantities can be conveniently arranged in
a ¢ X ¢ symmetric matrix, 3, where
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ql Og2 - - q

Note that o;; = 0;;. This matrix is generally known as the variance-covariance
matriz or simply the covariance matriz of the data.

For a set of multivariate observations, perhaps sampled from some popu-
lation, the matrix X is estimated by

n

1

S=-—— Z(Xi —%)(x; — %),
=1
where x| = (i1, T2, - - ., ¥iq) is the vector of (numeric) observations for the

ith individual and x = n~* 1" | x; is the mean vector of the observations.
The diagonal of S contains the sample variances of each variable, which we
shall denote as s?.

The covariance matrix for the data in Table 1.2 can be obtained using the
var () function in R; however, we have to “remove” the categorical variable
gender from the measure data frame by subsetting on the numerical variables

first:
R> cov(measure[, c("chest", "waist", "hips'")])

chest waist hips
chest 6.632 6.368 3.000
waist 6.368 12.526 3.579
hips 3.000 3.579 5.945

If we require the separate covariance matrices of men and women, we can use

R> cov(subset (measure, gender == "female")[,
+ c("chest", "waist", "hips")])

chest waist hips
chest 2.278 2.167 1.556
waist 2.167 2.989 2.756
hips 1.556 2.756 3.067

R> cov(subset (measure, gender == "male")[,
+ c("chest", "waist", "hips")])

chest waist hips
chest 6.7222 0.9444 3.944
waist 0.9444 2.1000 3.078
hips 3.9444 3.0778 9.344

where the subset() returns all observations corresponding to females (first
statement) or males (second statement).
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1.5.2 Correlations

The covariance is often difficult to interpret because it depends on the scales
on which the two variables are measured; consequently, it is often standardised
by dividing by the product of the standard deviations of the two variables to
give a quantity called the correlation coefficient, p;;, where

Pij = &7
0i0;

where 0; = \/0?.

The advantage of the correlation is that it is independent of the scales of
the two variables. The correlation coefficient lies between —1 and +1 and gives
a measure of the linear relationship of the variables X; and X;. It is positive
if high values of X; are associated with high values of X; and negative if high
values of X; are associated with low values of X;. If the relationship between
two variables is non-linear, their correlation coefficient can be misleading.

With g variables there are ¢(q — 1)/2 distinct correlations, which may be
arranged in a g X g correlation matrix the diagonal elements of which are unity.
For observed data, the correlation matrix contains the usual estimates of the
ps, namely Pearson’s correlation coefficient, and is generally denoted by R.

The matrix may be written in terms of the sample covariance matrix S
R = D71/2SD71/2,

where D~1/2 = diag(1/s1,...,1/s,) and s; = +/s? is the sample standard
deviation of variable i. (In most situations considered in this book, we will
be dealing with covariance and correlation matrices of full rank, ¢, so that
both matrices will be non-singular, that is, invertible, to give matrices S™! or
R

The sample correlation matrix for the three variables in Table 1.1 is ob-
tained by using the function cor () in R:

R> cor(measure[, c("chest", "waist", "hips")])

chest waist  hips
chest 1.0000 0.6987 0.4778
waist 0.6987 1.0000 0.4147
hips 0.4778 0.4147 1.0000

1.5.3 Distances

For some multivariate techniques such as multidimensional scaling (see Chap-
ter 4) and cluster analysis (see Chapter 6), the concept of distance between
the units in the data is often of considerable interest and importance. So,
given the variable values for two units, say unit ¢ and unit j, what serves
as a measure of distance between them? The most common measure used is
FEuclidean distance, which is defined as
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where z;; and z;x,k = 1,...,q are the variable values for units ¢ and j,
respectively. Euclidean distance can be calculated using the dist () function
in R.

When the variables in a multivariate data set are on different scales, it
makes more sense to calculate the distances after some form of standardisa-
tion. Here we shall illustrate this on the body measurement data and divide
each variable by its standard deviation using the function scale() before
applying the dist () function—the necessary R code and output are

R> dist(scale(measure[, c("chest", "waist", "hips")],
+ center = FALSE))

1 2 3 4 5 6 7 8 9 10 11

2 0.17

3 0.15 0.08

4 0.22 0.07 0.14

5 0.11 0.15 0.09 0.22

6 0.29 0.16 0.16 0.19 0.21

7 0.32 0.16 0.20 0.13 0.28 0.14

8 0.23 0.11 0.11 0.12 0.19 0.16 0.13

9 0.21 0.10 0.06 0.16 0.12 0.11 0.17 0.09

10 0.27 0.12 0.13 0.14 0.20 0.06 0.09 0.11 0.09

11 0.23 0.28 0.22 0.33 0.19 0.34 0.38 0.25 0.24 0.32
12 0.22 0.24 0.18 0.28 0.18 0.30 0.32 0.20 0.20 0.28 0.06

(Note that only the distances for the first 12 observations are shown in the
output.)

1.6 The multivariate normal density function

Just as the normal distribution dominates univariate techniques, the multi-
variate normal distribution plays an important role in some multivariate pro-
cedures, although as mentioned earlier many multivariate analyses are carried
out in the spirit of data exploration where questions of statistical significance
are of relatively minor importance or of no importance at all. Nevertheless, re-
searchers dealing with the complexities of multivariate data may, on occasion,
need to know a little about the multivariate density function and in particular
how to assess whether or not a set of multivariate data can be assumed to
have this density function. So we will define the multivariate normal density
and describe some of its properties.



16 1 Multivariate Data and Multivariate Analysis

For a vector of ¢ variables, x| = (z, 72, ... ,Zq), the multivariate normal
density function takes the form

F6 1, 3) = (20)92det(2) 7 exp {—§<x TR m} ,

where ¥ is the population covariance matrix of the variables and p is the
vector of population mean values of the variables. The simplest example of
the multivariate normal density function is the bivariate normal density with
q = 2; this can be written explicitly as

f((zl’xQ); (Nl, H2)70'13 0'2’10) =

(2770102(1 — p2))71/2 !

o
<<$1M1>2 L1 — 1 T2 — [2 <$2M2)2>}
e It + :
o1 o1 02 02

where p; and po are the population means of the two variables, o7 and o3
are the population variances, and p is the population correlation between the
two variables X7 and X5. Figure 1.1 shows an example of a bivariate normal
density function with both means equal to zero, both variances equal to one,
and correlation equal to 0.5.

The population mean vector and the population covariance matrix of a
multivariate density function are estimated from a sample of multivariate
observations as described in the previous subsections.

One property of a multivariate normal density function that is worth
mentioning here is that linear combinations of the variables (i.e., y =
a1 X1 + aeXo + -+ + a,X,, where aj,ag,...,a, is a set of scalars) are
themselves normally distributed with mean a” g and variance a Xa, where
a' = (a1,az,...,a,). Linear combinations of variables will be of importance
in later chapters, particularly in Chapter 3.

For many multivariate methods to be described in later chapters, the as-
sumption of multivariate normality is not critical to the results of the analysis,
but there may be occasions when testing for multivariate normality may be of
interest. A start can be made perhaps by assessing each variable separately for
univariate normality using a probability plot. Such plots are commonly applied
in univariate analysis and involve ordering the observations and then plotting
them against the appropriate values of an assumed cumulative distribution
function. There are two basic types of plots for comparing two probability
distributions, the probability-probability plot and the quantile-quantile plot.
The diagram in Figure 1.2 may be used for describing each type.

A plot of points whose coordinates are the cumulative probabilities p;(g)
and po(q) for different values of ¢ with

p1(q) = P(X1 <q),
p2(q) = P(X2 < q),
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()}

Fig. 1.1. Bivariate normal density function with correlation p = 0.5.

for random variables X; and X5 is a probability-probability plot, while a plot
of the points whose coordinates are the quantiles (¢1(p), g2(p)) for different
values of p with

is a quantile-quantile plot. For example, a quantile-quantile plot for investi-
gating the assumption that a set of data is from a normal distribution would in-

volve plotting the ordered sample values of variable 1 (i.e.,z(1)1,Z(2)1,- -, T(n)1)
against the quantiles of a standard normal distribution, ®~!(p(i)), where usu-
ally
: 1 T
11— 5 1
pi=—=2 &(z)= / e 2% du.
n oo V2T

This is known as a normal probability plot.
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1
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p2(q)
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0 pi(a)

Cumulative distribution function

q a(p) ai(p)

Fig. 1.2. Cumulative distribution functions and quantiles.

For multivariate data, normal probability plots may be used to examine
each variable separately, although marginal normality does not necessarily im-
ply that the variables follow a multivariate normal distribution. Alternatively
(or additionally), each multivariate observation might be converted to a single
number in some way before plotting. For example, in the specific case of as-
sessing a data set for multivariate normality, each g-dimensional observation,
x;, could be converted into a generalised distance, d?, giving a measure of the
distance of the particular observation from the mean vector of the complete
sample, X; d? is calculated as

d12 = (Xi — )’()Tsfl(xi — 5{),

where S is the sample covariance matrix. This distance measure takes into
account the different variances of the variables and the covariances of pairs of
variables. If the observations do arise from a multivariate normal distribution,
then these distances have approximately a chi-squared distribution with ¢
degrees of freedom, also denoted by the symbol Xg- So plotting the ordered
distances against the corresponding quantiles of the appropriate chi-square
distribution should lead to a straight line through the origin.

We will now assess the body measurements data in Table 1.2 for normal-
ity, although because there are only 20 observations in the sample there is
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really too little information to come to any convincing conclusion. Figure 1.3
shows separate probability plots for each measurement; there appears to be
no evidence of any departures from linearity. The chi-square plot of the 20
generalised distances in Figure 1.4 does seem to deviate a little from linearity,
but with so few observations it is hard to be certain. The plot is set up as
follows. We first extract the relevant data

R> x <- measure[, c("chest", "waist", "hips")]

and estimate the means of all three variables (i.e., for each column of the data)
and the covariance matrix

R> cm <- colMeans (x)
R> S <- cov(x)

The differences d; have to be computed for all units in our data, so we iterate
over the rows of x using the apply() function with argument MARGIN = 1
and, for each row, compute the distance d;:

R> d <- apply(x, MARGIN = 1, function(x)
+ t(x - cm) }*} solve(S) 7*} (x - cm))

The sorted distances can now be plotted against the appropriate quantiles of
the x3 distribution obtained from qchisq(); see Figure 1.4.

R> qqnorm(measure[, "chest"], main = "chest"); qqline(measure[, "chest"])
R> qqnorm(measurel[, "waist"], main = "waist"); qqline(measure[, "waist"])
R> qgqnorm(measure[, "hips"], main = "hips"); qqline(measure[,"hips"])
chest waist hips
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Fig. 1.3. Normal probability plots of chest, waist, and hip measurements.
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R> plot(qchisq((1:nrow(x) - 1/2) / nrow(x), df = 3), sort(d),
+ xlab = expression(paste(chi[3]°2, " Quantile")),

+ ylab = "Ordered distances")

R> abline(a = 0, b = 1)
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Fig. 1.4. Chi-square plot of generalised distances for body measurements data.

We will now look at using the chi-square plot on a set of data introduced
early in the chapter, namely the air pollution in US cities (see Table 1.5). The
probability plots for each separate variable are shown in Figure 1.5. Here, we
also iterate over all variables, this time using a special function, sapply(),
that loops over the variable names:

R> layout (matrix(1:8, nc = 2))

R> sapply(colnames (USairpollution), function(x) {
+ qqnorm(USairpollution[[x]], main = x)

+ qqline (USairpollution[[x]])

+ B
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The resulting seven plots are arranged on one page by a call to the layout
matrix; see Figure 1.5. The plots for SOs concentration and precipitation
both deviate considerably from linearity, and the plots for manufacturing and
population show evidence of a number of outliers. But of more importance
is the chi-square plot for the data, which is given in Figure 1.6; the R code
is identical to the code used to produce the chi-square plot for the body
measurement data. In addition, the two most extreme points in the plot have
been labelled with the city names to which they correspond using text ().

R> x <- USairpollution

R> cm <- colMeans(x)

R> S <- cov(x)

R> d <- apply(x, 1, function(x) t(x - cm) }*}, solve(S) 7*} (x - cm))
R> plot(qc <- qchisq((1:nrow(x) - 1/2) / nrow(x), df = 6),

+ sd <- sort(d),

+ xlab = expression(paste(chi[6]°2, " Quantile")),

+ ylab = "Ordered distances", xlim = range(qc) * c(1, 1.1))
R> oups <- which(rank(abs(qc - sd), ties = "random") > nrow(x) - 3)
R> text(qcloups], sdloups] - 1.5, names(oups))

R> abline(a = 0, b = 1)

o)
- Chicago

()]

8 9 4 o

S Fhoenix

B Providence

© — |

3

5 2 -

°

O
m —

5 10 15

%> Quantile

Fig. 1.6. x? plot of generalised distances for USairpollution data.
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This example illustrates that the chi-square plot might also be useful for
detecting possible outliers in multivariate data, where informally outliers are
“abnormal” in the sense of deviating from the natural data variability. Outlier
identification is important in many applications of multivariate analysis either
because there is some specific interest in finding anomalous observations or
as a pre-processing task before the application of some multivariate method
in order to preserve the results from possible misleading effects produced by
these observations. A number of methods for identifying multivariate outliers
have been suggested—see, for example, Rocke and Woodruff (1996) and Becker
and Gather (2001)—and in Chapter 2 we will see how a number of the graphical
methods described there can also be helpful for outlier detection.

1.7 Summary

The majority of data collected in all scientific disciplines are multivariate.
To fully understand most such data sets, the variables need to be analysed
simultaneously. The rest of this text is concerned with methods that have
been developed to make this possible, some with the aim of discovering any
patterns or structure in the data that may have important implications for
future studies and some with the aim of drawing inferences about the data
assuming they are sampled from a population with some particular probability
density function, usually the multivariate normal.

1.8 Exercises

Ex. 1.1 Find the correlation matrix and covariance matrix of the data in
Table 1.1.

Ex. 1.2 Fill in the missing values in Table 1.1 with appropriate mean values,
and recalculate the correlation matrix of the data.

Ex. 1.3 Examine both the normal probability plots of each variable in the
archaeology data in Table 1.3 and the chi-square plot of the data. Do the
plots suggest anything unusual about the data?

Ex. 1.4 Convert the covariance matrix given below into the corresponding
correlation matrix.

3.8778 2.8110 3.1480 3.5062
2.8110 2.1210 2.2669 2.5690
3.1480 2.2669 2.6550 2.8341
3.5062 2.5690 2.8341 3.2352

Ex. 1.5 For the small set of (10 x 5) multivariate data given below, find
the (10 x 10) Euclidean distance matrix for the rows of the matrix. An
alternative to Euclidean distance that might be used in some cases is what
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is known as city block distance (think New York). Write some R code to
calculate the city block distance matrix for the data.

36407
42746
40315
62611
16214
51202
11261
11544
70133
33051
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Looking at Multivariate Data: Visualisation

2.1 Introduction

According to Chambers, Cleveland, Kleiner, and Tukey (1983), “there is no
statistical tool that is as powerful as a well-chosen graph”. Certainly graphical
presentation has a number of advantages over tabular displays of numerical
results, not least in creating interest and attracting the attention of the viewer.
But just what is a graphical display? A concise description is given by Tufte
(1983):

Data graphics visually display measured quantities by means of the
combined use of points, lines, a coordinate system, numbers, symbols,
words, shading and color.

Graphs are very popular; it has been estimated that between 900 billion
(9x10") and 2 trillion (2x 10*2) images of statistical graphics are printed each
year. Perhaps one of the main reasons for such popularity is that graphical
presentation of data often provides the vehicle for discovering the unexpected;
the human visual system is very powerful in detecting patterns, although the
following caveat from the late Carl Sagan (in his book Contact) should be
kept in mind:

Humans are good at discerning subtle patterns that are really there,
but equally so at imagining them when they are altogether absent.

Some of the advantages of graphical methods have been listed by Schmid
(1954):

e In comparison with other types of presentation, well-designed charts are
more effective in creating interest and in appealing to the attention of the
reader.

e Visual relationships as portrayed by charts and graphs are more easily
grasped and more easily remembered.

e The use of charts and graphs saves time since the essential meaning of
large measures of statistical data can be visualised at a glance.

B. Everitt and T. Hothorn, An Introduction to Applied Multivariate Analysis with R: Use R!, 25
DOI 10.1007/978-1-4419-9650-3_2, © Springer Science+Business Media, LLC 2011
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e Charts and graphs provide a comprehensive picture of a problem that
makes for a more complete and better balanced understanding than could
be derived from tabular or textual forms of presentation.

e Charts and graphs can bring out hidden facts and relationships and can
stimulate, as well as aid, analytical thinking and investigation.

Schmid’s last point is reiterated by the legendary John Tukey in his ob-
servation that “the greatest value of a picture is when it forces us to notice
what we never expected to see”.

The prime objective of a graphical display is to communicate to ourselves
and others, and the graphic design must do everything it can to help people
understand. And unless graphics are relatively simple, they are unlikely to
survive the first glance. There are perhaps four goals for graphical displays of
data:

To provide an overview;
To tell a story;

To suggest hypotheses;
To criticise a model.

In this chapter, we will be largely concerned with graphics for multivari-
ate data that address one or another of the first three bulleted points above.
Graphics that help in checking model assumptions will be considered in Chap-
ter 8.

During the last two decades, a wide variety of new methods for display-
ing data graphically have been developed. These will hunt for special ef-
fects in data, indicate outliers, identify patterns, diagnose models, and gener-
ally search for novel and perhaps unexpected phenomena. Graphical displays
should aim to tell a story about the data and to reduce the cognitive effort
required to make comparisons. Large numbers of graphs might be required to
achieve these goals, and computers are generally needed to supply them for
the same reasons that they are used for numerical analyses, namely that they
are fast and accurate.

So, because the machine is doing the work, the question is no longer “shall
we plot?” but rather “what shall we plot?” There are many exciting possibil-
ities, including interactive and dynamic graphics on a computer screen (see
Cook and Swayne 2007), but graphical exploration of data usually begins at
least with some simpler static graphics. The starting graphic for multivariate
data is often the ubiquitous scatterplot, and this is the subject of the next
section.

2.2 The scatterplot

The simple xy scatterplot has been in use since at least the 18th century and
has many virtues—indeed, according to Tufte (1983):
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The relational graphic—in its barest form the scatterplot and its
variants—is the greatest of all graphical designs. It links at least two
variables, encouraging and even imploring the viewer to assess the
possible causal relationship between the plotted variables. It confronts
causal theories that x causes y with empirical evidence as to the actual
relationship between x and y.

The scatterplot is the standard for representing continuous bivariate data
but, as we shall see later in this chapter, it can be enhanced in a variety of
ways to accommodate information about other variables.

To illustrate the use of the scatterplot and a number of other techniques
to be discussed, we shall use the air pollution in US cities data introduced in
the previous chapter (see Table 1.5).

Let’s begin our examination of the air pollution data by taking a look at a
basic scatterplot of the two variables manu and popul. For later use, we first
set up two character variables that contain the labels to be printed on the two
axes:

R> mlab <- "Manufacturing enterprises with 20 or more workers"
R> plab <- "Population size (1970 census) in thousands"

The plot () function takes the data, here as the data frame USairpollution,
along with a “formula” describing the variables to be plotted; the part left of
the tilde defines the variable to be associated with the ordinate, the part right
of the tilde is the variable that goes with the abscissa:

R> plot(popul ~ manu, data = USairpollution,
+ xlab = mlab, ylab = plab)

The resulting scatterplot is shown in Figure 2.2. The plot clearly uncovers
the presence of one or more cities that are some way from the remainder, but
before commenting on these possible outliers we will construct the scatterplot
again but now show how to include the marginal distributions of manu and
popul in two different ways. Plotting marginal and joint distributions together
is usually good data analysis practise. In Figure 2.2, the marginal distributions
are shown as rug plots on each axis (produced by rug()), and in Figure 2.3
the marginal distribution of manu is given as a histogram and that of popul
as a boxplot. And also in Figure 2.3 the points are labelled by an abbreviated
form of the corresponding city name.

The necessary R code for Figure 2.3 starts with dividing the device into
three plotting areas by means of the layout () function. The first plot basically
resembles the plot () command from Figure 2.1, but instead of points the ab-
breviated name of the city is used as the plotting symbol. Finally, the hist ()
and boxplots() commands are used to depict the marginal distributions. The
with() command is very useful when one wants to avoid explicitly extracting
variables from data frames. The command of interest, here the calls to hist ()
and boxplot(), is evaluated “inside” the data frame, here USairpollution
(i.e., variable names are resolved within this data frame first).
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Fig. 2.1. Scatterplot of manu and popul.

From this series of plots, we can see that the outlying points show them-
selves in both the scatterplot of the variables and in each marginal distribu-
tion. The most extreme outlier corresponds to Chicago, and other slightly less
extreme outliers correspond to Philadelphia and Detroit. Each of these cities
has a considerably larger population than other cities and also many more
manufacturing enterprises with more than 20 workers.

2.2.1 The bivariate boxplot

In Figure 2.3, identifying Chicago, Philadelphia, and Detroit as outliers is un-
likely to invoke much argument, but what about Houston and Cleveland? In
many cases, it might be helpful to have a more formal and objective method
for labelling observations as outliers, and such a method is provided by the
bivariate boxplot, which is a two-dimensional analogue of the boxplot for uni-
variate data proposed by Goldberg and Iglewicz (1992). This type of graphic
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R> plot(popul ~ manu, data = USairpollution,
+ xlab = mlab, ylab = plab)

R> rug(USairpollution$manu, side = 1)

R> rug(USairpollution$popul, side = 2)
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Fig. 2.2. Scatterplot of manu and popul that shows the marginal distribution in
each variable as a rug plot.

may be useful in indicating the distributional properties of the data and in
identifying possible outliers. The bivariate boxplot is based on calculating “ro-
bust” measures of location, scale, and correlation; it consists essentially of a
pair of concentric ellipses, one of which (the “hinge”) includes 50% of the data
and the other (called the “fence”) of which delineates potentially troublesome
outliers. In addition, resistant regression lines of both y on z and x on y are
shown, with their intersection showing the bivariate location estimator. The
acute angle between the regression lines will be small for a large absolute value
of correlations and large for a small one. (Using robust measures of location,
scale, etc., helps to prevent the possible “masking” of multivariate outliers if
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R> layout (matrix(c(2, 0, 1, 3), nrow = 2, byrow = TRUE),

+ widths = c(2, 1), heights = c(1, 2), respect = TRUE)
R> xlim <- with(USairpollution, range(manu)) * 1.1

R> plot(popul ~ manu, data = USairpollution, cex.lab = 0.9,

+ xlab = mlab, ylab = plab, type = "n", xlim = xlim)

R> with(USairpollution, text(manu, popul, cex = 0.6,

+ labels = abbreviate(row.names (USairpollution))))

R> with(USairpollution, hist(manu, main = "", xlim = x1im))
R> with(USairpollution, boxplot (popul))
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Fig. 2.3. Scatterplot of manu and popul that shows the marginal distributions by
histogram and boxplot.
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the usual measures are employed when these may be distorted by the pres-
ence of the outliers in the data.) Full details of the construction are given in
Goldberg and Iglewicz (1992). The scatterplot of manu and popul including
the bivariate boxplot is shown in Figure 2.4. Figure 2.4 clearly tells us that
Chicago, Philadelphia, Detroit, and Cleveland should be regarded as outliers
but not Houston, because it is on the “fence” rather than outside the “fence”.

R> outcity <- match(lab <- c("Chicago", "Detroit',

+ "Cleveland", "Philadelphia"), rownames (USairpollution))
R> x <- USairpollution[, c("manu", "popul")]

R> bvbox(x, mtitle = "", xlab = mlab, ylab = plab)

R> text (x$manufoutcity], x$popul[outcity], labels = lab,

+ cex = 0.7, pos = c(2, 2, 4, 2, 2))
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Fig. 2.4. Scatterplot of manu and popul showing the bivariate boxplot of the data.

Suppose now that we are interested in calculating the correlation between
manu and popul. Researchers often calculate the correlation between two vari-
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ables without first looking at the scatterplot of the two variables. But scat-
terplots should always be consulted when calculating correlation coefficients
because the presence of outliers can on occasion considerably distort the value
of a correlation coefficient, and as we have seen above, a scatterplot may help
to identify the offending observations particularly if used in conjunction with
a bivariate boxplot. The observations identified as outliers may then be ex-
cluded from the calculation of the correlation coefficient. With the help of
the bivariate boxplot in Figure 2.4, we have identified Chicago, Philadelphia,
Detroit, and Cleveland as outliers in the scatterplot of manu and popul. The
R code for finding the two correlations is

R> with(USairpollution, cor(manu, popul))

[1] 0.9553

R> outcity <- match(c("Chicago", "Detroit",

+ "Cleveland", "Philadelphia"),
+ rownames (USairpollution))

R> with(USairpollution, cor (manu[-outcity], popul[-outcity]))
[1] 0.7956

The match() function identifies rows of the data frame USairpollution cor-
responding to the cities of interest, and the subset starting with a minus sign
removes these units before the correlation is computed. Calculation of the cor-
relation coefficient between the two variables using all the data gives a value
of 0.96, which reduces to a value of 0.8 after excluding the four outliers—a not
inconsiderable reduction.

2.2.2 The convex hull of bivariate data

An alternative approach to using the scatterplot combined with the bivariate
boxplot to deal with the possible problem of calculating correlation coeffi-
cients without the distortion often caused by outliers in the data is convex
hull trimming, which allows robust estimation of the correlation. The convex
hull of a set of bivariate observations consists of the vertices of the smallest
convex polyhedron in variable space within which or on which all data points
lie. Removal of the points lying on the convex hull can eliminate isolated
outliers without disturbing the general shape of the bivariate distribution. A
robust estimate of the correlation coefficient results from using the remaining
observations. Let’s see how the convex hull approach works with our manu
and popul scatterplot. We first find the convex hull of the data (i.e., the
observations defining the convex hull) using the following R code:

R> (hull <- with(USairpollution, chull(manu, popul)))

[1] 91541 6 218 16 14 7
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> with(USairpollution,
plot (manu, popul, pch = 1, xlab = mlab, ylab = plab))
> with(USairpollution,
polygon(manu[hull], popul[hull], density = 15, angle = 30))
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Fig. 2.5. Scatterplot of manu against popul showing the convex hull of the data.

Now we can show this convex hull on a scatterplot of the variables using the

code attached to the resulting Figure 2.5.
To calculate the correlation coefficient after removal of the points defining

the convex hull requires the code

R> with(USairpollution, cor(manu[-hull],popul[-hull]l))

[1] 0.9225

The resulting value of the correlation is now 0.923 and thus is higher compared
with the correlation estimated after removal of the outliers identified by using
the bivariate boxplot, namely Chicago, Philadelphia, Detroit, and Cleveland.
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2.2.3 The chi-plot

Although the scatterplot is a primary data-analytic tool for assessing the re-
lationship between a pair of continuous variables, it is often difficult to judge
whether or not the variables are independent—a random scatter of points is
hard for the human eye to judge. Consequently it is sometimes helpful to aug-
ment the scatterplot with an auxiliary display in which independence is itself
manifested in a characteristic manner. The chi-plot suggested by Fisher and
Switzer (1985, 2001) is designed to address the problem. Under independence,
the joint distribution of two random variables X; and X5 can be computed
from the product of the marginal distributions. The chi-plot transforms the
measurements (211,...,2Tn1) and (Z19,...,Zy2) into values (xi,...,xn) and
(A1, ..., A\n), which, plotted in a scatterplot, can be used to detect deviations
from independence. The y; values are, basically, the root of the y? statistics
obtained from the 2 x 2 tables that are obtained when dichotomising the data
for each unit ¢ into the groups satisfying x.1 < x;1 and z.o < x;5. Under inde-
pendence, these values are asymptotically normal with mean zero; i.e., the x;
values should show a non-systematic random fluctuation around zero. The );
values measure the distance of unit ¢ from the “center” of the bivariate distri-
bution. An R function for producing chi-plots is chiplot (). To illustrate the
chi-plot, we shall apply it to the manu and popul variables of the air pollution
data using the code

R> with(USairpollution, plot(manu, popul,

+ xlab = mlab, ylab = plab,
+ cex.lab = 0.9))

R> with(USairpollution, chiplot(manu, popul))

The result is Figure 2.6, which shows the scatterplot of manu plotted against
popul alongside the corresponding chi-plot. Departure from independence is
indicated in the latter by a lack of points in the horizontal band indicated on
the plot. Here there is a very clear departure since there are very few of the
observations in this region.

2.3 The bubble and other glyph plots

The basic scatterplot can only display two variables. But there have been
a number of suggestions as to how extra variables may be included on a
scatterplot. Perhaps the simplest is the so-called bubble plot, in which three
variables are displayed; two are used to form the scatterplot itself, and then the
values of the third variable are represented by circles with radii proportional
to these values and centred on the appropriate point in the scatterplot. Let’s
begin by taking a look at the bubble plot of temp, wind, and S02 that is given
in Figure 2.7. The plot seems to suggest that cities with moderate annual
temperatures and moderate annual wind speeds tend to suffer the greatest air
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pollution, but this is unlikely to be the whole story because none of the other
variables in the data set are used in constructing Figure 2.7. We could try to
include all variables on the basic temp and wind scatterplot by replacing the
circles with five-sided “stars”, with the lengths of each side representing each
of the remaining five variables. Such a plot is shown in Figure 2.8, but it fails
to communicate much, if any, useful information about the data.

R> ylim <- with(USairpollution, range(wind)) * c(0.95, 1)
R> plot(wind ~ temp, data = USairpollution,

+ xlab = "Average annual temperature (Fahrenheit)",

+ ylab = "Average annual wind speed (m.p.h.)", pch = 10,
+ ylim = ylim)

R> with(USairpollution, symbols(temp, wind, circles = S02,

+ inches = 0.5, add = TRUE))
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Average annual wind speed (m.p.h.)
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45 50 55 60 65 70 75

Average annual temperature (Fahrenheit)

Fig. 2.7. Bubble plot of temp, wind, and S02.
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R> plot(wind ~ temp, data = USairpollution,
+ xlab = "Average annual temperature (Fahrenheit)",

+ ylab = "Average annual wind speed (m.p.h.)", pch = 10,

+ ylim = ylim)

R> with(USairpollution,

+ stars (USairpollution[,-c(2,5)], locations = cbind(temp, wind),
+ labels = NULL, add = TRUE, cex = 0.5))
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Fig. 2.8. Scatterplot of temp and wind showing five-sided stars representing the
other variables.

In fact, both the bubble plot and “stars” plot are examples of symbol or
glyph plots, in which data values control the symbol parameters. For example,
a circle is a glyph where the values of one variable in a multivariate observation
control the circle size. In Figure 2.8, the spatial positions of the cities in
the scatterplot of temp and wind are combined with a star representation
of the five other variables. An alternative is simply to represent the seven
variables for each city by a seven-sided star and arrange the resulting stars in
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a rectangular array; the result is shown in Figure 2.9. We see that some stars,
for example those for New Orleans, Miami, Jacksonville, and Atlanta, have
similar shapes, with their higher average annual temperature being distinctive,
but telling a story about the data with this display is difficult.

Stars, of course, are not the only symbols that could be used to represent
data, and others have been suggested, with perhaps the most well known being
the now infamous Chernoff’s faces (see Chernoff 1973). But, on the whole,
such graphics for displaying multivariate data have not proved themselves to
be effective for the task and are now largely confined to the past history of
multivariate graphics.

R> stars(USairpollution, cex = 0.55)

a < £ & a0 A

Albuquerque Baltimore Charleston
§any Atlanta Buffalo
Cincinnati Columbus Denver
Chicago Cleveland Dallas
Detroit Houston Jacksonville
Des Moines Hartford Indianapolis
Little Rock Memphis Milwaukee
Kansas City Louisville Miami
Nashville L Norfolk Philadelphia
Minneapolis New Orleans Omaha
Pittsburgh Richmond San Francisco
Phoenix Providence Salt Lake City
St. Louis Wichita
Seattle Washington Wilmington

Fig. 2.9. Star plot of the air pollution data.
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2.4 The scatterplot matrix

There are seven variables in the air pollution data, which between them gen-
erate 21 possible scatterplots. But just making the graphs without any coor-
dination will often result in a confusing collection of graphs that are hard to
integrate visually. Consequently, it is very important that the separate plots
be presented in the best way to aid overall comprehension of the data. The
scatterplot matriz is intended to accomplish this objective. A scatterplot ma-
trix is nothing more than a square, symmetric grid of bivariate scatterplots.
The grid has ¢ rows and columns, each one corresponding to a different vari-
able. Each of the grid’s cells shows a scatterplot of two variables. Variable j
is plotted against variable i in the 7jth cell, and the same variables appear in
cell ji, with the x- and y-axes of the scatterplots interchanged. The reason for
including both the upper and lower triangles of the grid, despite the seeming
redundancy, is that it enables a row and a column to be visually scanned to
see one variable against all others, with the scales for the one variable lined up
along the horizontal or the vertical. As a result, we can visually link features
on one scatterplot with features on another, and this ability greatly increases
the power of the graphic.

The scatterplot matrix for the air pollution data is shown in Figure 2.10.
The plot was produced using the function pairs(), here with slightly enlarged
dot symbols, using the arguments pch = "." and cex = 1.5.

The scatterplot matrix clearly shows the presence of possible outliers in
many panels and the suggestion that the relationship between the two aspects
of rainfall, namely precip, predays, and S02 might be non-linear. Remem-
bering that the multivariable aspect of these data, in which sulphur dioxide
concentration is the response variable, with the remaining variables being ex-
planatory, might be of interest, the scatterplot matrix may be made more
helpful by including the linear fit of the two variables on each panel, and such
a plot is shown in Figure 2.11. Here, the pairs() function was customised by
a small function specified to the panel argument: in addition to plotting the
x and y values, a regression line obtained via function 1m() is added to each
of the panels.

Now the scatterplot matrix reveals that there is a strong linear relationship
between S02 and manu and between S02 and popul, but the (3, 4) panel shows
that manu and popul are themselves very highly related and thus predictive
of S02 in the same way. Figure 2.11 also underlines that assuming a linear
relationship between S02 and precip and S02 and predays, as might be the
case if a multiple linear regression model is fitted to the data with S02 as the
dependent variable, is unlikely to fully capture the relationship between each
pair of variables.

In the same way that the scatterplot should always be used alongside the
numerical calculation of a correlation coefficient, so should the scatterplot
matrix always be consulted when looking at the correlation matrix of a set of
variables. The correlation matrix for the air pollution data is
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R> pairs(USairpollution, pch = ".", cex = 1.5)
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Fig. 2.10. Scatterplot matrix of the air pollution data.

R> round(cor (USairpollution), 4)

S02 temp manu  popul wind precip predays

S02 1.0000 -0.4336 0.6448 0.4938 0.0947 0.0543 0.3696
temp -0.4336 1.0000 -0.1900 -0.0627 -0.3497 0.3863 -0.4302
manu 0.6448 -0.1900 1.0000 0.9553 0.2379 -0.0324 0.1318
popul 0.4938 -0.0627 0.9553 1.0000 0.2126 -0.0261 0.0421
wind 0.0947 -0.3497 0.2379 0.2126 1.0000 -0.0130 0.1641
precip 0.0543 0.3863 -0.0324 -0.0261 -0.0130 1.0000 0.4961
predays 0.3696 -0.4302 0.1318 0.0421 0.1641 0.4961 1.0000

Focussing on the correlations between S02 and the six other variables, we
see that the correlation for S02 and precip is very small and that for S02
and predays is moderate. But relevant panels in the scatterplot indicate that
the correlation coefficient that assesses only the linear relationship between
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R> pairs(USairpollution,
+ panel = function (x, y, ...) {

+ points(x, y, ...)
+ abline(1m(y ~ x), col = "grey")
+ }, pch = "." cex = 1.5)
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Fig. 2.11. Scatterplot matrix of the air pollution data showing the linear fit of each
pair of variables.

two variables may not be suitable here and that in a multiple linear regres-
sion model for the data quadratic effects of predays and precip might be
considered.
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2.5 Enhancing the scatterplot with estimated bivariate
densities

As we have seen above, scatterplots and scatterplot matrices are good at
highlighting outliers in a multivariate data set. But in many situations an-
other aim in examining scatterplots is to identify regions in the plot where
there are high or low densities of observations that may indicate the pres-
ence of distinct groups of observations; i.e., “clusters” (see Chapter 6). But
humans are not particularly good at visually examining point density, and
it is often a very helpful aid to add some type of bivariate density estimate
to the scatterplot. A bivariate density estimate is simply an approximation
to the bivariate probability density function of two variables obtained from a
sample of bivariate observations of the variables. If, of course, we are willing
to assume a particular form of the bivariate density of the two variables, for
example the bivariate normal, then estimating the density is reduced to esti-
mating the parameters of the assumed distribution. More commonly, however,
we wish to allow the data to speak for themselves and so we need to look for
a non-parametric estimation procedure. The simplest such estimator would
be a two-dimensional histogram, but for small and moderately sized data sets
that is not of any real use for estimating the bivariate density function simply
because most of the “boxes” in the histogram will contain too few observa-
tions; and if the number of boxes is reduced, the resulting histogram will be
too coarse a representation of the density function.

Other non-parametric density estimators attempt to overcome the deficien-
cies of the simple two-dimensional histogram estimates by “smoothing” them
in one way or another. A variety of non-parametric estimation procedures
have been suggested, and they are described in detail in Silverman (1986) and
Wand and Jones (1995). Here we give a brief description of just one popular
class of estimators, namely kernel density estimators.

2.5.1 Kernel density estimators

From the definition of a probability density, if the random variable X has a
density f,

. 1
f(ac)z}l]’l_%ﬁp(:c—h<X<x+h). (2.1)
For any given h, a naive estimator of P(x —h < X < x4+ h) is the proportion
of the observations x1,xa, ..., z, falling in the interval (x — h,xz + h),
R 1 <
f(z) = %;1@ €(x—h,x+h)); (2.2)

i.e., the number of z1,...,x, falling in the interval (z — h,z + h) divided by
2hn. If we introduce a weight function W given by
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% lx] < 1
W(z) =
0 else,

then the naive estimator can be rewritten as
~ 1 i 1 r — Z;
= — W . 2.3
for =3 () (2.3

Unfortunately, this estimator is not a continuous function and is not par-
ticularly satisfactory for practical density estimation. It does, however, lead
naturally to the kernel estimator defined by

fz) = hlnzn:f((th”) (2.4)

i=1

where K is known as the kernel function and h is the bandwidth or smoothing
parameter. The kernel function must satisfy the condition

/_O; K(z)dz = 1.

Usually, but not always, the kernel function will be a symmetric density func-
tion; for example, the normal. Three commonly used kernel functions are

rectangular,
1|z <1
K(z) =
0 else.
triangular,
1—lz| |zl <1
K(z) =
0 else,
Gaussian,
1 1
K(z) = ez,

Ver

The three kernel functions are implemented in R as shown in Figure 2.12.
For some grid x, the kernel functions are plotted using the R statements in
Figure 2.12.

The kernel estimator f is a sum of “bumps” placed at the observations.
The kernel function determines the shape of the bumps, while the window
width h determines their width. Figure 2.13 (redrawn from a similar plot in
Silverman 1986) shows the individual bumps n=th= K ((x — x;)/h) as well as
the estimate f obtained by adding them up for an artificial set of data points
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R> rec <- function(x) (abs(x) < 1) * 0.5

R> tri <- function(x) (abs(x) < 1) * (1 - abs(x))

R> gauss <- function(x) 1/sqrt(2*pi) * exp(-(x"2)/2)
R> x <- seq(from = -3, to = 3, by = 0.001)

R> plot(x, rec(x), type = "1", ylim = c(0,1), 1ty = 1,
+ ylab = expression(K(x)))

R> lines(x, tri(x), lty = 2)

R> lines(x, gauss(x), 1ty = 3)

R> legend("topleft", legend =

c("Rectangular", "Triangular",

+ "Gaussian"), 1ty = 1:3, title = "kernel functions",
+ bty = ”Il")
= )
~ kernel functions
o | — Rectangular ;
o ---- Triangular / \
-------- Gaussian [\
© | N '
—~ o ' \
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N " |‘
< < | ; ‘
N
o ,I \‘
o | .. ‘ e
© | | | | | |
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Fig. 2.12. Three commonly used kernel functions.

R> x <- ¢c(0, 1, 1.1, 1.5, 1.9, 2.8, 2.9, 3.5)
R> n <- length(x)

For a grid

R> xgrid <- seq(from = min(x) - 1, to

= max(x) + 1, by = 0.01)

on the real line, we can compute the contribution of each measurement in x,
with h = 0.4, by the Gaussian kernel (defined in Figure 2.12, line 3) as follows:
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R> h <- 0.4
R> bumps <- sapply(x, function(a) gauss((xgrid - a)/h)/(n * h))

A plot of the individual bumps and their sum, the kernel density estimate f ,
is shown in Figure 2.13.

R> plot(xgrid, rowSums(bumps), ylab = expression(hat(f)(x)),
+ type = "1", xlab = "x", lwd = 2)

R> rug(x, lwd = 2)

R> out <- apply(bumps, 2, function(b) lines(xgrid, b))
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Fig. 2.13. Kernel estimate showing the contributions of Gaussian kernels evaluated
for the individual observations with bandwidth h = 0.4.

The kernel density estimator considered as a sum of “bumps” centred at
the observations has a simple extension to two dimensions (and similarly for
more than two dimensions). The bivariate estimator for data (x1,y1), (22, y2),

-y (T, yn) is defined as
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1 = T—T; Y—Yi
Flz,y) = K L L. 2.5
e = g o () (2.5)

In this estimator, each coordinate direction has its own smoothing parameter,
hs or hy. An alternative is to scale the data equally for both dimensions and
use a single smoothing parameter.

For bivariate density estimation, a commonly used kernel function is the
standard bivariate normal density

1 1
K(r,y) = 5-e 3040,

Another possibility is the bivariate Epanechnikov kernel given by

3o

(1—22—9y?) 22 +y2 <1
K(z,y) =

o

else,

which is implemented and depicted in Figure 2.14 by using the persp function
for plotting in three dimensions.

According to Venables and Ripley (2002), the bandwidth should be chosen
to be proportional to n~!/5; unfortunately, the constant of proportionality
depends on the unknown density. The tricky problem of bandwidth estimation
is considered in detail in Silverman (1986).

Our first illustration of enhancing a scatterplot with an estimated bivari-
ate density will involve data from the Hertzsprung-Russell (H-R) diagram of
the star cluster CYG OBI, calibrated according to Vanisma and De Greve
(1972). The H-R diagram is the basis of the theory of stellar evolution and
is essentially a plot of the energy output of stars as measured by the loga-
rithm of their light intensity plotted against the logarithm of their surface
temperature. Part of the data is shown in Table 2.1. A scatterplot of the data
enhanced by the contours of the estimated bivariate density (Wand and Ripley
2010, obtained with the function bkde2D () from the package KernSmooth) is
shown in Figure 2.15. The plot shows the presence of two distinct clusters of
stars: the larger cluster consists of stars that have high surface temperatures
and a range of light intensities, and the smaller cluster contains stars with low
surface temperatures and high light intensities. The bivariate density estimate
can also be displayed by means of a perspective plot rather than a contour
plot, and this is shown in Figure 2.16. This again demonstrates that there are
two groups of stars.

Table 2.1: CYGOB1 data. Energy output and surface temperature of
star cluster CYG OBI.

logst logli|logst logli|logst logli
4.37 523 423 3.94| 445 5.22
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Table 2.1: CYGOB1 data (continued).

logst logli|logst logli|logst logli
4.56 5.74| 4.42 4.18 349 6.29
426 4.93| 4.23 418 4.23 4.34
4.56 5.74| 3.49 5.89| 4.62 5.62
430 5.19| 4.29 438 4.53 5.10
4.46 5.46| 4.29 4.22| 445 5.22
3.84 4.65| 4.42 4.42) 453 5.18
4.57 5.27) 449 485 443 5.57
4.26 5.57| 4.38 5.02| 4.38 4.62
437 5.12| 4.42 4.66| 4.45 5.06
3.49 5.73| 429 4.66| 4.50 5.34
4.43 5.45| 4.38 4.90) 4.45 5.34
4.48 5.42| 4.22 439 4.55 5.54
4.01 4.05| 3.48 6.05| 4.45 4.98
429 4.26| 4.38 4.42) 442 4.50
4.42 458 4.56 5.10

For our next example of adding estimated bivariate densities to scatter-
plots, we will use the body measurement data introduced in Chapter 1 (see
Table 1.2), although there are rather too few observations on which to base
the estimation. (The gender of each individual will not be used.) And in this
case we will add the appropriate density estimate to each panel of the scat-
terplot matrix of the chest, waist, and hips measurements. The resulting
plot is shown in Figure 2.17. The waist/hips panel gives some evidence that
there might be two groups in the data, which, of course, we know to be true,
the groups being men and women. And the Waist histogram on the diagonal
panel is also bimodal, underlining the two-group nature of the data.

2.6 Three-dimensional plots

The scatterplot matrix allows us to display information about the univariate
distributions of each variable (using histograms on the main diagonal, for
example) and about the bivariate distribution of all pairs of variables in a
set of multivariate data. But we should perhaps consider whether the use of
three-dimensional plots offers any advantage over the series of two-dimensional
scatterplots used in a scatterplot matrix. To begin, we can take a look at the
three-dimensional plot of the body measurements data; a version of the plot
that includes simply the points along with vertical lines dropped from each
point to the z-y plane is shown in Figure 2.18. The plot, produced with the
scatterplot3d package (Ligges 2010), suggests the presence of two relatively
separate groups of points corresponding to the males and females in the data.
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R> epa <- function(x, y)

+ ((x"2 +y°2) < 1) * 2/pi * (1 -x°2 -y~2)

R> x <- seq(from = -1.1, to = 1.1, by = 0.05)

R> epavals <- sapply(x, function(a) epa(a, x))

R> persp(x = x, y = x, z = epavals, xlab = "x", ylab = "y",

+ zlab = expression(K(x, y)), theta = -35, axes = TRUE,
+ box = TRUE)

Fig. 2.14. Epanechnikov kernel for a grid between (—1.1, —1.1) and (1.1,1.1).

As a second example of using a three-dimensional plot, we can look at
temp, wind, and S02 from the air pollution data. The points and vertical lines
versions of the required three-dimensional plot are shown in Figure 2.19. Two
observations with high S02 levels stand out, but the plot does not appear to
add much to the bubble plot for the same three variables (Figure 2.7).

Three-dimensional plots based on the original variables can be useful in
some cases but may not add very much to, say, the bubble plot of the scat-
terplot matrix of the data. When there are many variables in a multivariate
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R> library("KernSmooth")
R> CYGOB1d <- bkde2D(CYGOB1, bandwidth = sapply(CYGOB1, dpik))
R> plot(CYGOB1, xlab = "log surface temperature",

+ ylab = "log light intensity")
R> contour(x = CYGOB1d$x1, y = CYGOB1d$x2,
+ z = CYGOB1d$fhat, add = TRUE)
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Fig. 2.15. Scatterplot of the log of light intensity and log of surface temperature
for the stars in star cluster CYG OB1 showing the estimated bivariate density.

data set, there will be many possible three-dimensional plots to look at and
integrating and linking all the plots may be very difficult. But if the dimension-
ality of the data could be reduced in some way with little loss of information,
three-dimensional plots might become more useful, a point to which we will
return in the next chapter.
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R> persp(x = CYGOB1d$x1, y = CYGOB1d$x2, z = CYGOB1d$fhat,

+ xlab = "log surface temperature",
+ ylab = "log light intemsity",
+ zlab = "density")

Thrr s == —
7
7

(w

log surface temperature

Fig. 2.16. Perspective plot of estimated bivariate density.

2.7 Trellis graphics

Trellis graphics (see Becker, Cleveland, Shyu, and Kaluzny 1994) is an ap-
proach to examining high-dimensional structure in data by means of one-,
two-, and three-dimensional graphs. The problem addressed is how observa-
tions of one or more variables depend on the observations of the other vari-
ables. The essential feature of this approach is the multiple conditioning that
allows some type of plot to be displayed for different values of a given variable
(or variables). The aim is to help in understanding both the structure of the
data and how well proposed models describe the structure. An example of
the application of trellis graphics is given in Verbyla, Cullis, Kenward, and
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Fig. 2.17. Scatterplot matrix of body measurements data showing the estimated
bivariate densities on each panel.

Welham (1999). With the recent publication of Sarkar’s excellent book (see
Sarkar 2008) and the development of the lattice (Sarkar 2010) package, trel-
lis graphics are likely to become more popular, and in this section we will
illustrate their use on multivariate data.

For the first example, we return to the air pollution data and the temp,
wind, and S02 variables used previously to produce scatterplots of S02 and
temp conditioned on values of wind divided into two equal parts that we shall
creatively label “Light” and “High”. The resulting plot is shown in Figure 2.20.
The plot suggests that in cities with light winds, air pollution decreases with
increasing temperature, but in cities with high winds, air pollution does not
appear to be strongly related to temperature.

A more complex example of trellis graphics is shown in Figure 2.21. Here
three-dimensional plots of temp, wind, and precip are shown for four levels of
802. The graphic looks pretty, but does it convey anything of interest about
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R> library("scatterplot3d")
R> with(measure, scatterplot3d(chest, waist, hips,

+ pch = (1:2) [gender], type = "h", angle = 55))
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Fig. 2.18. A three-dimensional scatterplot for the body measurements data with
points corresponding to male and triangles to female measurements.

the data? Probably not, as there are few points in each of the three, three-
dimensional displays. This is often a problem with multipanel plots when the
sample size is not large.

For the last example in this section, we will use a larger data set, namely
data on earthquakes given in Sarkar (2008). The data consist of recordings of
the location (latitude, longitude, and depth) and magnitude of 1000 seismic
events around Fiji since 1964.

In Figure 2.22, scatterplots of latitude and longitude are plotted for three
ranges of depth. The distribution of locations in the latitude-longitude space
is seen to be different in the three panels, particularly for very deep quakes. In



2.8 Stalactite plots 53

R> with(USairpollution,

+ scatterplot3d(temp, wind, S02, type = "h",
+ angle = 55))
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Fig. 2.19. A three-dimensional scatterplot for the air pollution data.

Figure 2.23 (a tour de force by Sarkar) the four panels are defined by ranges
of magnitude and depth is encoded by different shading.

Finally, in Figure 2.24, three-dimensional scatterplots of earthquake epi-
centres (latitude, longitude, and depth) are plotted conditioned on earthquake
magnitude. (Figures 2.22, 2.23, and 2.24 are reproduced with the kind per-
mission of Dr. Deepayan Sarkar.)

2.8 Stalactite plots

In this section, we will describe a multivariate graphic, the stalactite plot,
specifically designed for the detection and identification of multivariate out-
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R> plot(xyplot(S02 ~ temp| cut(wind, 2), data = USairpollution))
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Fig. 2.20. Scatterplot of S02 and temp for light and high winds.

liers. Like the chi-square plot for assessing multivariate normality, described
in Chapter 1, the stalactite plot is based on the generalised distances of ob-
servations from the multivariate mean of the data. But here these distances
are calculated from the means and covariances estimated from increasing-
sized subsets of the data. As mentioned previously when describing bivariate
boxplots, the aim is to reduce the masking effects that can arise due to the
influence of outliers on the estimates of means and covariances obtained from
all the data. The central idea of this approach is that, given distances using,
say, m observations for estimation of means and covariances, the m + 1 obser-
vations to be used for this estimation in the next stage are chosen to be those
with the m + 1 smallest distances. Thus an observation can be included in the
subset used for estimation for some value of m but can later be excluded as m
increases. Initially m is chosen to take the value g + 1, where ¢ is the number
of variables in the multivariate data set because this is the smallest number
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R> pollution <- with(USairpollution, equal.count(S02,4))
R> plot(cloud(precip ~ temp * wind | pollution, panel.aspect = 0.9,
+ data = USairpollution))

pollution pollution

Fig. 2.21. Three-dimensional plots of temp, wind, and precip conditioned on levels
of S02.

allowing the calculation of the required generalised distances. The cutoff dis-
tance generally employed to identify an outlier is the maximum expected value
from a sample of n random variables each having a chi-squared distribution on
q degrees of freedom. The stalactite plot graphically illustrates the evolution
of the outliers as the size of the subset of observations used for estimation in-
creases. We will now illustrate the application of the stalactite plot on the US
cities air pollution data. The plot (produced via stalac(USairpollution)) is
shown in Figure 2.25. Initially most cities are indicated as outliers (a “*” in the
plot), but as the number of observations on which the generalised distances
are calculated is increased, the number of outliers indicated by the plot de-
creases. The plot clearly shows the outlying nature of a number of cities over
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R> plot(xyplot(lat ~ long| cut(depth, 3), data = quakes,

+ layout = c(3, 1), xlab = "Longitude",
+ ylab = "Latitude"))
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Fig. 2.22. Scatterplots of latitude and longitude conditioned on three ranges of
depth.

nearly all values of m. The effect of masking is also clear; when all 41 ob-
servations are used to calculate the generalised distances, only observations
Chicago, Phoenix, and Providence are indicated to be outliers.

2.9 Summary

Plotting multivariate data is an essential first step in trying to understand
the story they may have to tell. The methods covered in this chapter provide
just some basic ideas for taking an initial look at the data, and with software
such as R there are many other possibilities for graphing multivariate obser-
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Fig. 2.23. Scatterplots of latitude and longitude conditioned on magnitude, with
depth coded by shading.

vations, and readers are encouraged to explore more fully what is available.
But graphics can often flatter to deceive and it is important not to be seduced
when looking at a graphic into responding “what a great graph” rather than
“what interesting data”. A graph that calls attention to itself pictorially is al-
most surely a failure (see Becker et al. 1994), and unless graphs are relatively
simple, they are unlikely to survive the first glance. Three-dimensional plots
and trellis plots provide great pictures, which may often also be very informa-
tive (as the examples in Sarkar 2008, demonstrate), but for multivariate data
with many variables, they may struggle. In many situations, the most useful
graphic for a set of multivariate data may be the scatterplot matrix, perhaps
with the panels enhanced in some way; for example, by the addition of bivari-
ate density estimates or bivariate boxplots. And all the graphical approaches
discussed in this chapter may become more helpful when applied to the data
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R> plot(cloud(depth ~ lat * long | Magnitude, data = quakes,

+ zlim = rev(range(quakes$depth)),

+ screen = list(z = 105, x = -70), panel.aspect = 0.9,

+ xlab = "Longitude", ylab = "Latitude", zlab = "Depth"))
Magnitude Magnitude

Latitude Latitude
Magnitude Magnitude

Latitude Latitude

Fig. 2.24. Scatterplots of latitude and longitude conditioned on magnitude.

after their dimensionality has been reduced in some way, often by the method
to be described in the next chapter.
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Number of observations used for estimation
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Fig. 2.25. Stalactite plot of US cities air pollution data.
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2.10 Exercises

Ex. 2.1 Use the bivariate boxplot on the scatterplot of each pair of variables
in the air pollution data to identify any outliers. Calculate the correlation
between each pair of variables using all the data and the data with any
identified outliers removed. Comment on the results.

Ex. 2.2 Compare the chi-plots with the corresponding scatterplots for each
pair of variables in the air pollution data. Do you think that there is any
advantage in the former?

Ex. 2.3 Construct a scatterplot matrix of the body measurements data that
has the appropriate boxplot on the diagonal panels and bivariate boxplots
on the other panels. Compare the plot with Figure 2.17, and say which
diagram you find more informative about the data.

Ex. 2.4 Construct a further scatterplot matrix of the body measurements
data that labels each point in a panel with the gender of the individual,
and plot on each scatterplot the separate estimated bivariate densities for
men and women.

Ex. 2.5 Construct a scatterplot matrix of the chemical composition of
Romano-British pottery given in Chapter 1 (Table 1.3), identifying each
unit by its kiln number and showing the estimated bivariate density on
each panel. What does the resulting diagram tell you?

Ex. 2.6 Construct a bubble plot of the earthquake data using latitude and
longitude as the scatterplot and depth as the circles, with greater depths
giving smaller circles. In addition, divide the magnitudes into three equal
ranges and label the points in your bubble plot with a different symbol
depending on the magnitude group into which the point falls.
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Principal Components Analysis

3.1 Introduction

One of the problems with a lot of sets of multivariate data is that there are
simply too many variables to make the application of the graphical techniques
described in the previous chapters successful in providing an informative ini-
tial assessment of the data. And having too many variables can also cause
problems for other multivariate techniques that the researcher may want to
apply to the data. The possible problem of too many variables is sometimes
known as the curse of dimensionality (Bellman 1961). Clearly the scatterplots,
scatterplot matrices, and other graphics included in Chapter 2 are likely to be
more useful when the number of variables in the data, the dimensionality of
the data, is relatively small rather than large. This brings us to principal com-
ponents analysis, a multivariate technique with the central aim of reducing
the dimensionality of a multivariate data set while accounting for as much of
the original variation as possible present in the data set. This aim is achieved
by transforming to a new set of variables, the principal components, that are
linear combinations of the original variables, which are uncorrelated and are
ordered so that the first few of them account for most of the variation in all
the original variables. In the best of all possible worlds, the result of a principal
components analysis would be the creation of a small number of new variables
that can be used as surrogates for the originally large number of variables and
consequently provide a simpler basis for, say, graphing or summarising the
data, and also perhaps when undertaking further multivariate analyses of the
data.

3.2 Principal components analysis (PCA)

The basic goal of principal components analysis is to describe variation in a

set of correlated variables, x " = (z1,..., Zq), in terms of a new set of uncor-
related variables, y' = (y15---,Yq), each of which is a linear combination of
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the x variables. The new variables are derived in decreasing order of “impor-
tance” in the sense that y; accounts for as much as possible of the variation in
the original data amongst all linear combinations of x. Then y- is chosen to
account for as much as possible of the remaining variation, subject to being
uncorrelated with y1, and so on. The new variables defined by this process,
Y1,- - -, Yq, are the principal components.

The general hope of principal components analysis is that the first few
components will account for a substantial proportion of the variation in the
original variables, x1, ..., x4, and can, consequently, be used to provide a con-
venient lower-dimensional summary of these variables that might prove useful
for a variety of reasons. Consider, for example, a set of data consisting of
examination scores for several different subjects for each of a number of stu-
dents. One question of interest might be how best to construct an informative
index of overall examination performance. One obvious possibility would be
the mean score for each student, although if the possible or observed range of
examination scores varied from subject to subject, it might be more sensible
to weight the scores in some way before calculating the average, or alterna-
tively standardise the results for the separate examinations before attempting
to combine them. In this way, it might be possible to spread the students out
further and so obtain a better ranking. The same result could often be achieved
by applying principal components to the observed examination results and us-
ing the student’s scores on the first principal components to provide a measure
of examination success that maximally discriminates between them.

A further possible application for principal components analysis arises in
the field of economics, where complex data are often summarised by some kind
of index number; for example, indices of prices, wage rates, cost of living,
and so on. When assessing changes in prices over time, the economist will
wish to allow for the fact that prices of some commodities are more variable
than others, or that the prices of some of the commodities are considered
more important than others; in each case the index will need to be weighted
accordingly. In such examples, the first principal component can often satisfy
the investigator’s requirements.

But it is not always the first principal component that is of most interest
to a researcher. A taxonomist, for example, when investigating variation in
morphological measurements on animals for which all the pairwise correlations
are likely to be positive, will often be more concerned with the second and
subsequent components since these might provide a convenient description
of aspects of an animal’s “shape”. The latter will often be of more interest
to the researcher than aspects of an animal’s “size” which here, because of
the positive correlations, will be reflected in the first principal component.
For essentially the same reasons, the first principal component derived from,
say, clinical psychiatric scores on patients may only provide an index of the
severity of symptoms, and it is the remaining components that will give the
psychiatrist important information about the “pattern” of symptoms.
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The principal components are most commonly (and properly) used as a
means of constructing an informative graphical representation of the data (see
later in the chapter) or as input to some other analysis. One example of the
latter is provided by regression analysis; principal components may be useful
here when:

e There are too many explanatory variables relative to the number of obser-
vations.
e The explanatory variables are highly correlated.

Both situations lead to problems when applying regression techniques,
problems that may be overcome by replacing the original explanatory vari-
ables with the first few principal component variables derived from them.
An example will be given later, and other applications of the technique are
described in Rencher (2002).

In some disciplines, particularly psychology and other behavioural sciences,
the principal components may be considered an end in themselves and re-
searchers may then try to interpret them in a similar fashion as for the factors
in an exploratory factor analysis (see Chapter 5). We shall make some com-
ments about this practise later in the chapter.

3.3 Finding the sample principal components

Principal components analysis is overwhelmingly an exploratory technique for
multivariate data. Although there are inferential methods for using the sample
principal components derived from a random sample of individuals from some
population to test hypotheses about population principal components (see
Jolliffe 2002), they are very rarely seen in accounts of principal components
analysis that appear in the literature. Quintessentially principal components
analysis is an aid for helping to understand the observed data set whether or
not this is actually a “sample” in any real sense. We use this observation as
the rationale for describing only sample principal components in this chapter.

The first principal component of the observations is that linear combina-
tion of the original variables whose sample variance is greatest amongst all
possible such linear combinations. The second principal component is defined
as that linear combination of the original variables that accounts for a maxi-
mal proportion of the remaining variance subject to being uncorrelated with
the first principal component. Subsequent components are defined similarly.
The question now arises as to how the coefficients specifying the linear com-
binations of the original variables defining each component are found. A little
technical material is needed to answer this question.

The first principal component of the observations, y1, is the linear combi-
nation

Y1 = a11%1 + a12x2 + - - - + a14%4
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whose sample variance is greatest among all such linear combinations. Be-
cause the variance of y; could be increased without limit simply by increasing
the coefficients a; = (a11,a12,...,a14), a restriction must be placed on these
coefficients. As we shall see later, a sensible constraint is to require that the
sum of squares of the coefficients should take the value one, although other
constraints are possible and any multiple of the vector a; produces basically
the same component. To find the coefficients defining the first principal com-
ponent, we need to choose the elements of the vector a; so as to maximise
the variance of y; subject to the sum of squares constraint, which can be
written a] a; = 1. The sample variance of y; that is a linear function of the
x variables is given by (see Chapter 1) a] Sa;, where S is the ¢ x ¢ sample
covariance matrix of the x variables. To maximise a function of several vari-
ables subject to one or more constraints, the method of Lagrange multipliers
is used. Full details are given in Morrison (1990) and Jolliffe (2002), and we
will not give them here. (The algebra of an example with ¢ = 2 is, however,
given in Section 3.5.) We simply state that the Lagrange multiplier approach
leads to the solution that a; is the eigenvector or characteristic vector of the
sample covariance matrix, S, corresponding to this matrix’s largest eigenvalue
or characteristic root. The eigenvalues A and eigenvectors « of a ¢ X ¢ matrix
A are such that A4y = Av; for more details, see, for example, Mardia, Kent,
and Bibby (1979).

The second principal component, o, is defined to be the linear combination

Y2 = a21%1 + Q22%2 + - + G2¢%q

(i.e., y2 = a; x, where aj = (a1, a22,...,a2,) and x' = (z1,72,...,7,)) that
has the greatest variance subject to the following two conditions:

T
a;as =1,

a;al = 0.

(The second condition ensures that y; and yo are uncorrelated; i.e., that the
sample correlation is zero.)

Similarly, the jth principal component is that linear combination y; = a;'—x
that has the greatest sample variance subject to the conditions

T, —
aja; = 1,

aja; =0 (i <j).

Application of the Lagrange multiplier technique demonstrates that the vector
of coeflicients defining the jth principal component, a;, is the eigenvector of S
associated with its jth largest eigenvalue. If the ¢ eigenvalues of S are denoted
by A1, A2, ..., Ag, then by requiring that a/a; = 1 it can be shown that the
variance of the ith principal component is given by )\;. The total variance
of the ¢ principal components will equal the total variance of the original
variables so that
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q
Z/\izsf+s§+~--+sg,
i=1
where s? is the sample variance of x;. We can write this more concisely as
1, A\ = trace(S).
Consequently, the jth principal component accounts for a proportion P;
of the total variation of the original data, where

A
7 trace(S)’

The first m principal components, where m < ¢ account for a proportion P(™)
of the total variation in the original data, where

pom) _ 21
trace(S)

In geometrical terms, it is easy to show that the first principal component
defines the line of best fit (in the sense of minimising residuals orthogonal to
the line) to the g-dimensional observations in the sample. These observations
may therefore be represented in one dimension by taking their projection
onto this line; that is, finding their first principal component score. If the
observations happen to be collinear in ¢ dimensions, this representation would
account completely for the variation in the data and the sample covariance
matrix would have only one non-zero eigenvalue. In practise, of course, such
collinearity is extremely unlikely, and an improved representation would be
given by projecting the ¢-dimensional observations onto the space of the best
fit, this being defined by the first two principal components. Similarly, the
first m components give the best fit in m dimensions. If the observations fit
exactly into a space of m dimensions, it would be indicated by the presence
of ¢ — m zero eigenvalues of the covariance matrix. This would imply the
presence of ¢ — m linear relationships between the variables. Such constraints
are sometimes referred to as structural relationships. In practise, in the vast
majority of applications of principal components analysis, all the eigenvalues
of the covariance matrix will be non-zero.

3.4 Should principal components be extracted from the
covariance or the correlation matrix?

One problem with principal components analysis is that it is not scale-
invariant. What this means can be explained using an example given in Mardia
et al. (1979). Suppose the three variables in a multivariate data set are weight
in pounds, height in feet, and age in years, but for some reason we would like
our principal components expressed in ounces, inches, and decades. Intuitively
two approaches seem feasible;
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1. Multiply the variables by 16, 12, and 1/10, respectively and then carry
out a principal components analysis on the covariance matrix of the three
variables.

2. Carry out a principal components analysis on the covariance matrix of the
original variables and then multiply the elements of the relevant compo-
nent by 16, 12, and 1/10.

Unfortunately, these two procedures do not generally lead to the same result.
So if we imagine a set of multivariate data where the variables are of com-
pletely different types, for example length, temperature, blood pressure, or
anxiety rating, then the structure of the principal components derived from
the covariance matrix will depend upon the essentially arbitrary choice of units
of measurement; for example, changing the length from centimetres to inches
will alter the derived components. Additionally, if there are large differences
between the variances of the original variables, then those whose variances
are largest will tend to dominate the early components. Principal components
should only be extracted from the sample covariance matrix when all the
original variables have roughly the same scale. But this is rare in practise and
consequently, in practise, principal components are extracted from the correla-
tion matrix of the variables, R. Extracting the components as the eigenvectors
of R is equivalent to calculating the principal components from the original
variables after each has been standardised to have unit variance. It should be
noted, however, that there is rarely any simple correspondence between the
components derived from S and those derived from R. And choosing to work
with R rather than with S involves a definite but possibly arbitrary decision
to make variables “equally important”.

To demonstrate how the principal components of the covariance matrix of a
data set can differ from the components extracted from the data’s correlation
matrix, we will use the example given in Jolliffe (2002). The data in this
example consist of eight blood chemistry variables measured on 72 patients in
a clinical trial. The correlation matrix of the data, together with the standard
deviations of each of the eight variables, is

R> blood_corr

.11 .21 [,31 [,4 [[,8] [,6] [,71 [,8]

[1,] 1.000 0.290 0.202 -0.055 -0.105 -0.252 -0.229 0.058
[2,] 0.290 1.000 0.415 0.285 -0.376 -0.349 -0.164 -0.129
[3,] 0.202 0.415 1.000 0.419 -0.521 -0.441 -0.145 -0.076
[4,] -0.055 0.285 0.419 1.000 -0.877 -0.076 0.023 -0.131
[5,] -0.105 -0.376 -0.521 -0.877 1.000 0.206 0.034 0.151
[6,] -0.252 -0.349 -0.441 -0.076 0.206 1.000 0.192 0.077
[7,] -0.229 -0.164 -0.145 0.023 0.034 0.192 1.000 0.423
[8,] 0.058 -0.129 -0.076 -0.131 0.151 0.077 0.423 1.000
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R> blood_sd

rblood plate wblood neut 1lymph bilir sodium potass
0.371 41.253 1.935 0.077 0.071 4.037 2.732 0.297

There are considerable differences between these standard deviations. We can
apply principal components analysis to both the covariance and correlation
matrix of the data using the following R code:

R> blood_pcacov <- princomp(covmat = blood_cov)
R> summary(blood_pcacov, loadings = TRUE)

Importance of components:
Comp.1 Comp.2 Comp.3 Comp.4
Standard deviation 41.2877 3.880213 2.641973 1.624584
Proportion of Variance 0.9856 0.008705 0.004036 0.001526
Cumulative Proportion 0.9856 0.994323 0.998359 0.999885
Comp.5 Comp. 6 Comp.7 Comp.8
Standard deviation 3.540e-01 2.562e-01 8.511e-02 2.373e-02
Proportion of Variance 7.244e-05 3.794e-05 4.188e-06 3.255e-07
Cumulative Proportion 1.000e+00 1.000e+00 1.000e+00 1.000e+00

Loadings:

Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8
rblood 0.943 0.329
plate -0.999
wblood -0.192 -0.981
neut 0.758 -0.650
lymph -0.649 -0.760
bilir 0.961 0.195 -0.191
sodium 0.193 -0.979
potass 0.329 -0.942

R> blood_pcacor <- princomp(covmat = blood_corr)
R> summary(blood_pcacor, loadings = TRUE)

Importance of components:
Comp.1 Comp.2 Comp.3 Comp.4 Comp.5
Standard deviation 1.671 1.2376 1.1177 0.8823 0.7884
Proportion of Variance 0.349 0.1915 0.1562 0.0973 0.0777
Cumulative Proportion 0.349 0.5405 0.6966 0.7939 0.8716
Comp.6 Comp.7 Comp.8
Standard deviation 0.6992 0.66002 0.31996
Proportion of Variance 0.0611 0.05445 0.01280
Cumulative Proportion 0.9327 0.98720 1.00000

Loadings:
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Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8
[1,] -0.194 0.417 0.400 0.652 0.175 -0.363 0.176 0.102

[2,] -0.400 0.154 0.168 -0.848 0.230 -0.110
[3,] -0.459 0.168 -0.274 0.251 0.403 0.677
[4,] -0.430 -0.472 -0.171 0.169 0.118 -0.237 0.678
[5,] 0.494 0.360 -0.180 -0.139 0.136 0.157 0.724

[6,] 0.319 -0.320 -0.277 0.633 -0.162 0.384 0.377
[7,] 0.177 -0.535 0.410 -0.163 -0.299 -0.513 0.367
[8,] 0.171 -0.245 0.709 0.198 0.469 -0.376

(The “blanks” in this output represent very small values.) Examining the re-
sults, we see that each of the principal components of the covariance matrix
is largely dominated by a single variable, whereas those for the correlation
matrix have moderate-sized coefficients on several of the variables. And the
first component from the covariance matrix accounts for almost 99% of the
total variance of the observed variables. The components of the covariance
matrix are completely dominated by the fact that the variance of the plate
variable is roughly 400 times larger than the variance of any of the seven
other variables. Consequently, the principal components from the covariance
matrix simply reflect the order of the sizes of the variances of the observed
variables. The results from the correlation matrix tell us, in particular, that a
weighted contrast of the first four and last four variables is the linear function
with the largest variance. This example illustrates that when variables are on
very different scales or have very different variances, a principal components
analysis of the data should be performed on the correlation matrix, not on
the covariance matrix.

3.5 Principal components of bivariate data with
correlation coefficient r

Before we move on to look at some practical examples of the application of
principal components analysis, it will be helpful to look in a little more detail
at the mathematics of the method in one very simple case. We will do this
in this section for bivariate data where the two variables, x; and x2, have
correlation coefficient r. The sample correlation matrix in this case is simply

1.0 r
R= ( r 0.1) ‘
In order to find the principal components of the data we need to find the
eigenvalues and eigenvectors of R. The eigenvalues are found as the roots of

the equation

det(R — A\I) = 0.
This leads to the quadratic equation in A
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1-N?—-r?=0,

and solving this equation leads to eigenvalues \y = 1 +r, Ao = 1 — r. Note
that the sum of the eigenvalues is two, equal to trace(R). The eigenvector
corresponding to A; is obtained by solving the equation

Ra1 = /\131.
This leads to the equations

a1 +raiz = (1 +r)ags,

raj; + ajz = (14 r)ajs.

The two equations are identical, and both reduce to requiring a;; = ajo. If
we now introduce the normalisation constraint a] a; = 1, we find that

1
ail = a2 = —=.
V2
Similarly, we find the second eigenvector is given by as1 = % and age = —%.

The two principal components are then given by
1 1
Y1 = ﬁ(xl +x2), Y2 = E(xl — Ta).

We can calculate the sample variance of the first principal component as

Var(y1) = Var Ué(xl + xg)} _ %Var(ml + )

= %[Var(ml) + Var(z2) 4+ 2Cov(z1, z2)]

1
:§(1+1+27"):1+r.

Similarly, the variance of the second principal component is 1 — r.

Notice that if » < 0, the order of the eigenvalues and hence of the principal
components is reversed; if r = 0, the eigenvalues are both equal to 1 and any
two solutions at right angles could be chosen to represent the two components.
Two further points should be noted:

1. There is an arbitrary sign in the choice of the elements of a;. It is custom-
ary (but not universal) to choose a;; to be positive.

2. The coefficients that define the two components do not depend on r, al-
though the proportion of variance explained by each does change with r.
As r tends to 1, the proportion of variance accounted for by i, namely
(1+7)/2, also tends to one. When r = 1, the points all align on a straight
line and the variation in the data is unidimensional.
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3.6 Rescaling the principal components

The coefficients defining the principal components derived as described in the
previous section are often rescaled so that they are correlations or covariances
between the original variables and the derived components. The rescaled co-
efficients are often useful in interpreting a principal components analysis. The
covariance of variable ¢ with component j is given by

COV(l‘i, yj) = )\jaji.

The correlation of variable x; with component y; is therefore

)\j&j,‘ _ /\jaji _ aj“/)\j.
Var(z;)Var(y;)  siv/Aj Si

If the components are extracted from the correlation matrix rather than the
covariance matrix, the correlation between variable and component becomes

Taoiy; = @jiv/Aj

because in this case the standard deviation, s;, is unity. (Although for con-
venience we have used the same nomenclature for the eigenvalues and the
eigenvectors extracted from the covariance matrix or the correlation matrix,
they will, of course, not be equal.) The rescaled coefficients from a principal
components analysis of a correlation matrix are analogous to factor loadings,
as we shall see in Chapter 5. Often these rescaled coefficients are presented as
the results of a principal components analysis and used in interpretation.

Tziy; =

3.7 How the principal components predict the observed
covariance matrix

In this section, we will look at how the principal components reproduce the
observed covariance or correlation matrix from which they were extracted. To

begin, let the initial vectors aj,as,...,a,, that define the principal compo-
nents be used to form a ¢ x ¢ matrix, A = (aj,as,...,a,); we assume that
these are vectors extracted from the covariance matrix, S, and scaled so that
a/ a; = 1. Arrange the eigenvalues A1, Aa, ..., \, along the main diagonal of a
diagonal matrix, A. Then it can be shown that the covariance matrix of the
observed variables x1, g, ...,z is given by

S=AAA"T.

This is known as the spectral decomposition of S. Rescaling the vectors
aj,as,...,a, so that the sum of squares of their elements is equal to the

1
corresponding eigenvalue (i.e., calculating af = A\2a;) allows S to be written
more simply as
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S — A->5<A>1<T7

where A* = (a} ... a;).

If the matrix A is formed from, say, the first m components rather than
from all ¢, then A;‘nA:‘nT gives the predicted value of S based on these m
components. It is often useful to calculate such a predicted value based on the
number of components considered adequate to describe the data to informally
assess the “fit” of the principal components analysis. How this number of

components might be chosen is considered in the next section.

3.8 Choosing the number of components

As described earlier, principal components analysis is seen to be a technique
for transforming a set of observed variables into a new set of variables that
are uncorrelated with one another. The variation in the original ¢ variables
is only completely accounted for by all ¢ principal components. The useful-
ness of these transformed variables, however, stems from their property of
accounting for the variance in decreasing proportions. The first component,
for example, accounts for the maximum amount of variation possible for any
linear combination of the original variables. But how useful is this artificial
variate constructed from the observed variables? To answer this question we
would first need to know the proportion of the total variance of the original
variables for which it accounted. If, for example, 80% of the variation in a
multivariate data set involving six variables could be accounted for by a sim-
ple weighted average of the variable values, then almost all the variation can
be expressed along a single continuum rather than in six-dimensional space.
The principal components analysis would have provided a highly parsimonious
summary (reducing the dimensionality of the data from six to one) that might
be useful in later analysis.

So the question we need to ask is how many components are needed to
provide an adequate summary of a given data set. A number of informal and
more formal techniques are available. Here we shall concentrate on the former;
examples of the use of formal inferential methods are given in Jolliffe (2002)
and Rencher (2002).

The most common of the relatively ad hoc procedures that have been sug-
gested for deciding upon the number of components to retain are the following;:

e Retain just enough components to explain some specified large percentage
of the total variation of the original variables. Values between 70% and
90% are usually suggested, although smaller values might be appropriate
as q or n, the sample size, increases.

e FExclude those principal components whose eigenvalues are less than the
average, > i, % Since Y 7_, A; = trace(S), the average eigenvalue is also
the average variance of the original variables. This method then retains
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those components that account for more variance than the average for the
observed variables.

e  When the components are extracted from the correlation matrix,
trace(R) = ¢, and the average variance is therefore one, so applying the
rule in the previous bullet point, components with eigenvalues less than
one are excluded. This rule was originally suggested by Kaiser (1958), but
Jolliffe (1972), on the basis of a number of simulation studies, proposed
that a more appropriate procedure would be to exclude components ex-
tracted from a correlation matrix whose associated eigenvalues are less
than 0.7.

e Cattell (1966) suggests examination of the plot of the \; against ¢, the so-
called scree diagram. The number of components selected is the value of 4
corresponding to an “elbow” in the curve, i.e., a change of slope from “steep”
to “shallow”. In fact, Cattell was more specific than this, recommending
to look for a point on the plot beyond which the scree diagram defines a
more or less straight line, not necessarily horizontal. The first point on the
straight line is then taken to be the last component to be retained. And
it should also be remembered that Cattell suggested the scree diagram in
the context of factor analysis rather than applied to principal components
analysis.

¢ A modification of the scree digram described by Farmer (1971) is the log-
eigenvalue diagram consisting of a plot of log(\;) against i.

Returning to the results of the principal components analysis of the blood
chemistry data given in Section 3.3, we find that the first four components
account for nearly 80% of the total variance, but it takes a further two com-
ponents to push this figure up to 90%. A cutoff of one for the eigenvalues
leads to retaining three components, and with a cutoff of 0.7 four components
are kept. Figure 3.1 shows the scree diagram and log-eigenvalue diagram for
the data and the R code used to construct the two diagrams. The former
plot may suggest four components, although this is fairly subjective, and the
latter seems to be of little help here because it appears to indicate retaining
seven components, hardly much of a dimensionality reduction. The example
illustrates that the proposed methods for deciding how many components to
keep can (and often do) lead to different conclusions.

3.9 Calculating principal components scores

If we decide that we need, say, m principal components to adequately repre-
sent our data (using one or another of the methods described in the previous
section), then we will generally wish to calculate the scores on each of these
components for each individual in our sample. If, for example, we have derived
the components from the covariance matrix, S, then the m principal compo-
nents scores for individual ¢ with original ¢ x 1 vector of variable values x; are
obtained as
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R> plot(blood_pcacor$sdev"2, xlab = "Component number",
+ ylab = "Component variance", type = "1", main = "Scree diagram")
R> plot(log(blood_pcacor$sdev”2), xlab = "Component number",
+ ylab = "log(Component variance)", type="1",
+ main = "Log(eigenvalue) diagram")
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Fig. 3.1. Scree diagram and log-eigenvalue diagram for principal components of the
correlation matrix of the blood chemistry data.

T
Yilr = a1 X4

T
Yi2 = a9 X

T
Yim = A, X4

If the components are derived from the correlation matrix, then x; would
contain individual ¢’s standardised scores for each variable.
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The principal components scores calculated as above have variances equal
to A; for j = 1,...,m. Many investigators might prefer to have scores with
mean zero and variance equal to unity. Such scores can be found as

_A—IAT
z=A_"A_ X,

where A,, is an m x m diagonal matrix with Ay, As,..., A\, on the main
diagonal, A, = (a;...a,,), and x is the ¢ x 1 vector of standardised scores.
‘We should note here that the first m principal components scores are the same
whether we retain all possible ¢ components or just the first m. As we shall
see in Chapter 5, this is not the case with the calculation of factor scores.

3.10 Some examples of the application of principal
components analysis

In this section, we will look at the application of PCA to a number of data
sets, beginning with one involving only two variables, as this allows us to

illustrate graphically an important point about this type of analysis.

3.10.1 Head lengths of first and second sons

Table 3.1: headsize data. Head Size Data.

headl breadthl head2 breadth2|headl breadthl head2 breadth?2
191 155 179 145 190 159 195 157
195 149 201 152| 188 151 187 158
181 148 185 149] 163 137 161 130
183 153 188 149| 195 155 183 158
176 144 171 142] 186 153 173 148
208 157 192 152] 181 145 182 146
189 150 190 149| 175 140 165 137
197 159 189 152] 192 154 185 152
188 152 197 159| 174 143 178 147
192 150 187 151 176 139 176 143
179 158 186 148 197 167 200 158
183 147 174 147 190 163 187 150
174 150 185 152

The data in Table 3.1 give the head lengths and head breadths (in millimetres)
for each of the first two adult sons in 25 families. Here we shall use only the
head lengths; the head breadths will be used later in the chapter. The mean
vector and covariance matrix of the head length measurements are found using



3.10 Some examples of the application of principal components analysis 75

R> head_dat <- headsize[, c("headl", "head2")]
R> colMeans (head_dat)

headl head?2
185.7 183.8

R> cov(head_dat)

headl head2
headl 95.29 69.66
head2 69.66 100.81

The principal components of these data, extracted from their covariance ma-
trix, can be found using

R> head_pca <- princomp(x = head_dat)
R> head_pca

Call:
princomp(x = head_dat)

Standard deviations:
Comp.1 Comp.2
12.691 5.215

2 variables and 25 observations.
R> print (summary (head_pca), loadings = TRUE)

Importance of components:

Comp.1 Comp.2
Standard deviation 12.6908 5.2154
Proportion of Variance 0.8555 0.1445
Cumulative Proportion  0.8555 1.0000

Loadings:

Comp.1 Comp.2
headl 0.693 -0.721
head2 0.721 0.693

and are
y1 = 0.693z1 + 0.721zo  yo = —0.721x1 + 0.693x-

with variances 167.77 and 28.33. The first principal component accounts for a
proportion 167.77/(167.77 4 28.33) = 0.86 of the total variance in the original
variables. Note that the total variance of the principal components is 196.10,
which as expected is equal to the total variance of the original variables,
found by adding the relevant terms in the covariance matrix given earlier; i.e.,
95.29 + 100.81 = 196.10.
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How should the two derived components be interpreted? The first compo-
nent is essentially the sum of the head lengths of the two sons, and the second
component is the difference in head lengths. Perhaps we can label the first
component “size” and the second component “shape”, but later we will have
some comments about trying to give principal components such labels.

To calculate an individual’s score on a component, we simply multiply the
variable values minus the appropriate mean by the loading for the variable
and add these values over all variables. We can illustrate this calculation using
the data for the first family, where the head length of the first son is 191 mm
and for the second son 179 mm. The score for this family on the first principal
component is calculated as

0.693 - (191 — 185.72) + 0.721 - (179 — 183.84) = 0.169,
and on the second component the score is
—0.721 - (191 — 185.72) 4+ 0.693 - (179 — 183.84) = —7.61.

The variance of the first principal components scores will be 167.77, and the
variance of the second principal component scores will be 28.33.

We can plot the data showing the axes corresponding to the principal
components. The first axis passes through the mean of the data and has slope
0.721/0.693, and the second axis also passes through the mean and has slope
—0.693/0.721. The plot is shown in Figure 3.2. This example illustrates that
a principal components analysis is essentially simply a rotation of the axes of
the multivariate data scatter. And we can also plot the principal components
scores to give Figure 3.3. (Note that in this figure the range of the z-axis and
the range for the y-axis have been made the same to account for the larger
variance of the first principal component.)

We can use the principal components analysis of the head size data to
demonstrate how the principal components reproduce the observed covariance
matrix. We first need to rescale the principal components we have at this point
by multiplying them by the square roots of their respective variances to give
the new components

y1 = 12.952(0.693x1 4+ 0.721x9), i.e., y1 = 8.976x1 + 9.338x4
and
y2 = 5.323(—0.721z1 + 0.693x5), i.e., y2 = —3.837x1 + 3.688x2,

leading to the matrix A% as defined in Section 1.5.1:

AF — 8.976 —3.837
2719.338 3.688 )"

Multiplying this matrix by its transpose should recreate the covariance matrix
of the head length data; doing the matrix multiplication shows that it does
recreate S:
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R> a1<-183.84-0.721%*185.72/0.693

R> b1<-0.721/0.693

R> a2<-183.84-(-0.693%185.72/0.721)

R> b2<--0.693/0.721

R> plot (head_dat, xlab = "First son's head length (mm)",
+ ylab = "Second son's head length")

R> abline(al, bl)

R> abline(a2, b2, 1ty = 2)

190 200

Second son's head length
170 180
| |

160
I

I I I I
170 180 190 200

First son's head length (mm)

Fig. 3.2. Head length of first and second sons, showing axes corresponding to the
principal components of the sample covariance matrix of the data.

iaenT _ (95.29 69.66
Ax(A2) = (69.66 100.81> '

(As an exercise, readers might like to find the predicted covariance matrix
using only the first component.)

The head size example has been useful for discussing some aspects of prin-
cipal components analysis but it is not, of course, typical of multivariate data
sets encountered in practise, where many more than two variables will be
recorded for each individual in a study. In the next two subsections, we con-
sider some more interesting examples.
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R> x1im <- range (head_pca$scores[,1])
R> plot (head_pca$scores, xlim = x1im, ylim = xlim)
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Fig. 3.3. Plot of the first two principal component scores for the head size data.

3.10.2 Olympic heptathlon results

The pentathlon for women was first held in Germany in 1928. Initially this
consisted of the shot put, long jump, 100 m, high jump, and javelin events,
held over two days. In the 1964 Olympic Games, the pentathlon became the
first combined Olympic event for women, consisting now of the 80 m hurdles,
shot, high jump, long jump, and 200 m. In 1977, the 200 m was replaced by
the 800 m run, and from 1981 the IAAF brought in the seven-event heptathlon
in place of the pentathlon, with day one containing the events 100 m hurdles,
shot, high jump, and 200 m run, and day two the long jump, javelin, and
800 m run. A scoring system is used to assign points to the results from each
event, and the winner is the woman who accumulates the most points over
the two days. The event made its first Olympic appearance in 1984.
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Table 3.2: heptathlon data. Results of Olympic heptathlon, Seoul, 1988.

hurdles highjump shot run200m longjump javelin run800m score

Joyner-Kersee (USA)  12.69 1.86 15.80  22.56 7.27  45.66 128.51 7291
John (GDR) 12.85 1.80 16.23  23.65 6.71  42.56 126.12 6897
Behmer (GDR) 13.20 1.83 14.20 23.10 6.68  44.54 124.20 6858
Sablovskaite (URS) 13.61 1.80 15.23  23.92 6.25 4278 132.24 6540
Choubenkova (URS) 13.51 1.74 14.76  23.93 6.32 47.46 127.90 6540
Schulz (GDR) 13.75 1.83 13.50  24.65 6.33  42.82 125.79 6411
Fleming (AUS) 13.38 1.80 12.88  23.59 6.37  40.28 132.54 6351
Greiner (USA) 13.55 1.80 14.13  24.48 6.47  38.00 133.65 6297
Lajbnerova (CZE) 13.63 1.83 14.28  24.86 6.11 42.20 136.05 6252
Bouraga (URS) 13.25 1.77 12.62  23.59 6.28  39.06 134.74 6252
Wijnsma (HOL) 13.75 1.86 13.01 25.03 6.34 37.86 131.49 6205
Dimitrova (BUL) 13.24 1.80 12.88  23.59 6.37 40.28 132.54 6171
Scheider (SWI) 13.85 1.86 11.58  24.87 6.05 47.50 134.93 6137
Braun (FRG) 13.71 1.83 13.16  24.78 6.12  44.58 142.82 6109
Ruotsalainen (FIN) 13.79 1.80 12.32 24.61 6.08 45.44 137.06 6101
Yuping (CHN) 13.93 1.86 14.21  25.00 6.40 38.60 146.67 6087
Hagger (GB) 13.47 1.80 12.75  25.47 6.34  35.76 138.48 5975
Brown (USA) 14.07 1.83 12.69  24.83 6.13  44.34 146.43 5972
Mulliner (GB) 14.39 1.71 12.68  24.92 6.10 37.76 138.02 5746
Hautenauve (BEL) 14.04 1.77 11.81  25.61 599  35.68 133.90 5734
Kytola (FIN) 14.31 1.77 11.66  25.69 5.75  39.48 133.35 5686
Geremias (BRA) 14.23 1.71 12.95  25.50 5.50 39.64 144.02 5508
Hui-Ing (TAI) 14.85 1.68 10.00  25.23 547  39.14 137.30 5290
Jeong-Mi (KOR) 14.53 1.71 10.83  26.61 550  39.26 139.17 5289
Launa (PNG) 16.42 1.50 11.78  26.16 4.88  46.38 163.43 4566

In the 1988 Olympics held in Seoul, the heptathlon was won by one of the
stars of women’s athletics in the USA, Jackie Joyner-Kersee. The results for
all 25 competitors in all seven disciplines are given in Table 3.2 (from Hand,
Daly, Lunn, McConway, and Ostrowski 1994). We shall analyse these data
using principal components analysis with a view to exploring the structure of
the data and assessing how the derived principal components scores (discussed
later) relate to the scores assigned by the official scoring system.

But before undertaking the principal components analysis, it is good data
analysis practise to carry out an initial assessment of the data using one or
another of the graphics described in Chapter 2. Some numerical summaries
may also be helpful before we begin the main analysis. And before any of these,
it will help to score all seven events in the same direction so that “large” values
are indicative of a “better” performance. The R code for reversing the values
for some events, then calculating the correlation coefficients between the ten
events and finally constructing the scatterplot matrix of the data is

R> heptathlon$hurdles <- with(heptathlon, max(hurdles)-hurdles)
R> heptathlon$run200m <- with(heptathlon, max(run200m)-run200m)
R> heptathlon$run800m <- with(heptathlon, max(run800m)-run800m)
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R> score <- which(colnames (heptathlon) == "score")
R> round(cor (heptathlon[,-score]), 2)

hurdles highjump shot run200m longjump javelin run800m

hurdles 1.00 0.81 0.65 0.77 0.91 0.01 0.78
highjump 0.81 1.00 0.44 0.49 0.78 0.00 0.59
shot 0.65 0.44 1.00 0.68 0.74 0.27 0.42
run200m 0.77 0.49 0.68 1.00 0.82 0.33 0.62
longjump 0.91 0.78 0.74 0.82 1.00 0.07 0.70
javelin 0.01 0.00 0.27 0.33 0.07 1.00 -0.02
run800m 0.78 0.59 0.42 0.62 0.70 -0.02 1.00
R> plot(heptathlon[,-scorel])

The scatterplot matrix appears in Figure 3.4.
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Fig. 3.4. Scatterplot matrix of the seven heptathlon events after transforming some
variables so that for all events large values are indicative of a better performance.
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Examination of the correlation matrix shows that most pairs of events are
positively correlated, some moderately (for example, high jump and shot) and
others relatively highly (for example, high jump and hurdles). The exceptions
to this general observation are the relationships between the javelin event and
the others, where almost all the correlations are close to zero. One explanation
might be that the javelin is a very “technical” event and perhaps the training
for the other events does not help the competitors in the javelin. But before
we speculate further, we should look at the scatterplot matrix of the seven
events shown in Figure 3.4. One very clear observation in this plot is that for
all events except the javelin there is an outlier who is very much poorer than
the other athletes at these six events, and this is the competitor from Papua
New Guinea (PNG), who finished last in the competition in terms of points
scored. But surprisingly, in the scatterplots involving the javelin, it is this
competitor who again stands out, but in this case she has the third highest
value for the event. It might be sensible to look again at both the correlation
matrix and the scatterplot matrix after removing the competitor from PNG;
the relevant R code is

R> heptathlon <- heptathlon[-grep("PNG", rownames (heptathlon)),]
R> score <- which(colnames (heptathlon) == "score")
R> round(cor (heptathlon[,-score]), 2)

hurdles highjump shot run200m longjump javelin run800m

hurdles 1.00 0.58 0.77  0.83 0.89  0.33  0.56
highjump  0.58 1.00 0.46  0.39 0.66 0.35  0.15
shot 0.77 0.46 1.00  0.67 0.78  0.34  0.41
run200m 0.83 0.39 0.67  1.00 0.81  0.47  0.57
longjump  0.89 0.66 0.78  0.81 1.00  0.29  0.52
javelin 0.33 0.35 0.34  0.47 0.290 1.00  0.26
run800m 0.56 0.15 0.41  0.57 0.52  0.26  1.00

The new scatterplot matrix is shown in Figure 3.5. Several of the cor-
relations are changed to some degree from those shown before removal of
the PNG competitor, particularly the correlations involving the javelin event,
where the very small correlations between performances in this event and the
others have increased considerably. Given the relatively large overall change
in the correlation matrix produced by omitting the PNG competitor, we shall
extract the principal components of the data from the correlation matrix after
this omission. The principal components can now be found using

R> heptathlon_pca <- prcomp (heptathlon[, -score], scale = TRUE)
R> print (heptathlon_pca)

Standard deviations:
[1] 2.08 0.95 0.91 0.68 0.55 0.34 0.26

Rotation:
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R> plot(heptathlon[,-score], pch = ".", cex = 1.5)
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Fig. 3.5. Scatterplot matrix for the heptathlon data after removing observations
of the PNG competitor.

PC1 PC2  PC3 PC4 PC5 PC6 PC7
hurdles -0.45 0.058 -0.17 0.048 -0.199 0.847 -0.070
highjump -0.31 -0.651 -0.21 -0.557 0.071 -0.090 0.332
shot -0.40 -0.022 -0.15 0.548 0.672 -0.099 0.229
run200m -0.43 0.185 0.13 0.231 -0.618 -0.333 0.470
longjump -0.45 -0.025 -0.27 -0.015 -0.122 -0.383 -0.749
javelin -0.24 -0.326 0.88 0.060 0.079 0.072 -0.211
run800m -0.30 0.657 0.19 -0.574 0.319 -0.052 0.077

The summary method can be used for further inspection of the details:

R> summary (heptathlon_pca)

Importance of components:
PC1 PC2 PC3 PC4 PC5 PC6
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Standard deviation 2.079 0.948 0.911 0.6832 0.5462 0.3375

Proportion of Variance 0.618 0.128 0.119 0.0667 0.0426 0.0163

Cumulative Proportion 0.618 0.746 0.865 0.9313 0.9739 0.9902
PC7

Standard deviation 0.26204

Proportion of Variance 0.00981

Cumulative Proportion 1.00000

The linear combination for the first principal component is 2

R> al <- heptathlon_pca$rotation[, 1]
R> ail

hurdles highjump shot run200m longjump javelin run800m
-0.4504 -0.3145 -0.4025 -0.4271 -0.4510 -0.2423 -0.3029

We see that the hurdles and long jump events receive the highest weight but
the javelin result is less important. For computing the first principal compo-
nent, the data need to be rescaled appropriately. The center and the scaling
used by prcomp internally can be extracted from the heptathlon_pca via

R> center <- heptathlon_pca$center
R> scale <- heptathlon_pca$scale

Now, we can apply the scale function to the data and multiply it with the
loadings matrix in order to compute the first principal component score for
each competitor

R> hm <- as.matrix(heptathlon[,-score])
R> drop(scale(hm, center = center, scale = scale) }*},

+ heptathlon_pca$rotation[,1])
Joyner-Kersee (USA) John (GDR) Behmer (GDR)
-4.757530 -3.147943 -2.926185
Sablovskaite (URS)  Choubenkova (URS) Schulz (GDR)
-1.288136 -1.503451 -0.958467
Fleming (AUS) Greiner (USA) Lajbnerova (CZE)
-0.953445 -0.633239 -0.381572
Bouraga (URS) Wijnsma (HOL) Dimitrova (BUL)
-0.522322 -0.217701 -1.075984
Scheider (SWI) Braun (FRG) Ruotsalainen (FIN)
0.003015 0.109184 0.208868
Yuping (CHN) Hagger (GB) Brown (USA)
0.232507 0.659520 0.756855
Mulliner (GB) Hautenauve (BEL) Kytola (FIN)
1.880933 1.828170 2.118203
Geremias (BRA) Hui-Ing (TAI) Jeong-Mi (KOR)

2.770706 3.901167 3.896848
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or, more conveniently, by extracting the first from all pre-computed principal
components:

R> predict (heptathlon_pca)[,1]

Joyner-Kersee (USA) John (GDR) Behmer (GDR)
-4.757530 -3.147943 -2.926185
Sablovskaite (URS)  Choubenkova (URS) Schulz (GDR)
-1.288136 -1.503451 -0.958467

Fleming (AUS) Greiner (USA) Lajbnerova (CZE)
-0.953445 -0.633239 -0.381572

Bouraga (URS) Wijnsma (HOL) Dimitrova (BUL)
-0.522322 -0.217701 -1.075984

Scheider (SWI) Braun (FRG) Ruotsalainen (FIN)
0.003015 0.109184 0.208868

Yuping (CHN) Hagger (GB) Brown (USA)
0.232507 0.659520 0.756855

Mulliner (GB) Hautenauve (BEL) Kytola (FIN)
1.880933 1.828170 2.118203

Geremias (BRA) Hui-Ing (TAI) Jeong-Mi (KOR)
2.770706 3.901167 3.896848

The first two components account for 75% of the variance. A barplot of
each component’s variance (see Figure 3.6) shows how the first two compo-
nents dominate.

R> plot (heptathlon_pca)
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2
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Fig. 3.6. Barplot of the variances explained by the principal components (with
observations for PNG removed).
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The correlation between the score given to each athlete by the standard
scoring system used for the heptathlon and the first principal component score
can be found from

R> cor(heptathlon$score, heptathlon_pca$x[,1])
[1] -0.9931

This implies that the first principal component is in good agreement with the
score assigned to the athletes by official Olympic rules; a scatterplot of the
official score and the first principal component is given in Figure 3.7. (The
fact that the correlation is negative is unimportant here because of the arbi-
trariness of the signs of the coefficients defining the first principal component;
it is the magnitude of the correlation that is important.)

R> plot (heptathlon$score, heptathlon_pca$x[,1])
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Fig. 3.7. Scatterplot of the score assigned to each athlete in 1988 and the first
principal component.
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3.10.3 Air pollution in US cities

In this subsection, we will return to the air pollution data introduced in Chap-
ter 1. The data were originally collected to investigate the determinants of pol-
lution, presumably by regressing S02 on the six other variables. Here, however,
we shall examine how principal components analysis can be used to explore
various aspects of the data, and will then look at how such an analysis can
also be used to address the determinants of pollution question.

To begin we shall ignore the S02 variable and concentrate on the others,
two of which relate to human ecology (popul, manu) and four to climate (temp
Wind, precip, predays). A case can be made to use negative temperature
values in subsequent analyses since then all six variables are such that high
values represent a less attractive environment. This is, of course, a personal
view, but as we shall see later, the simple transformation of temp does aid
interpretation.

Prior to undertaking the principal components analysis on the air pollution
data, we will again construct a scatterplot matrix of the six variables, but here
we include the histograms for each variable on the main diagonal. The diagram
that results is shown in Figure 3.8.

A clear message from Figure 3.8 is that there is at least one city, and
probably more than one, that should be considered an outlier. (This should
come as no surprise given the investigation of the data in Chapter 2.) On the
manu variable, for example, Chicago, with a value of 3344, has about twice as
many manufacturing enterprises employing 20 or more workers as the city with
the second highest number (Philadelphia). We shall return to this potential
problem later in the chapter, but for the moment we shall carry on with a
principal components analysis of the data for all 41 cities.

For the data in Table 1.5, it seems necessary to extract the principal com-
ponents from the correlation rather than the covariance matrix, since the six
variables to be used are on very different scales. The correlation matrix and
the principal components of the data can be obtained in R using the following
command line code:

R> cor(USairpollution[,-1])

manu popul wind precip predays mnegtemp
manu 1.00000 0.95527 0.23795 -0.03242 0.13183 0.19004
popul 0.95527 1.00000 0.21264 -0.02612 0.04208 0.06268
wind 0.23795 0.21264 1

precip -0.03242 -0.02612 -0.01299 1.00000 0.49610 -0.38625
predays 0.13183 .04208 .16411 0.49610 1.00000 0.43024
negtemp 0.19004 0.06268 0.34974 -0.38625 0.43024 1.00000

o
o

0
0
.00000 -0.01299 0.16411 0.34974
0
1
0

R> usair_pca <- princomp (USairpollution[,-1], cor = TRUE)



3.10 Some examples of the application of principal components analysis 87

R> data("USairpollution", package = "HSAUR2")

R> panel.hist <- function(x, ...) {

usr <- par("usr"); on.exit(par(usr))

par(usr = c(usr[1:2], 0, 1.5) )

h <- hist(x, plot = FALSE)

breaks <- h$breaks; nB <- length(breaks)

y <- h$counts; y <- y/max(y)

rect (breaks[-nB], 0, breaks[-1], y, col="grey", ...)

+ o+ + + + 4+ o+

}

R> USairpollution$negtemp <- USairpollution$temp * (-1)
R> USairpollution$temp <- NULL

R> pairs(USairpollution[,-1], diag.panel = panel.hist,

+ pch = ".", cex = 1.5)
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Fig. 3.8. Scatterplot matrix of six variables in the air pollution data.
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R> summary(usair_pca, loadings = TRUE)

Importance of components:
Comp.1 Comp.2 Comp.3 Comp.4 Comp.5
Standard deviation 1.482 1.225 1.1810 0.8719 0.33848
Proportion of Variance 0.366 0.250 0.2324 0.1267 0.01910
Cumulative Proportion 0.366 0.616 0.8485 0.9752 0.99426
Comp.6
Standard deviation 0.185600
Proportion of Variance 0.005741
Cumulative Proportion 1.000000

Loadings:

Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6
manu -0.612 0.168 -0.273 -0.137 0.102 0.703
popul  -0.578 0.222 -0.350 -0.695
wind -0.354 -0.131 0.297 0.869 -0.113
precip -0.623 -0.505 0.171 0.568
predays -0.238 -0.708 -0.311 -0.580

negtemp -0.330 -0.128 0.672 -0.306 0.558 -0.136

One thing to note about the correlations is the very high values for manu and
popul, a finding we will return to later. We see that the first three components
all have variances (eigenvalues) greater than one and together account for
almost 85% of the variance of the original variables. Scores on these three
components might be used to graph the data with little loss of information.
We shall illustrate this possibility later.

Many users of principal components analysis might be tempted to search
for an interpretation of the derived components that allows them to be “la-
belled” in some sense. This requires examining the coefficients defining each
component (in the output shown above, these are scaled so that their sums
of squares equal unity—“blanks” indicate near zero values). We see that the
first component might be regarded as some index of “quality of life”, with
high values indicating a relatively poor environment (in the authors’ opinion
at least). The second component is largely concerned with a city’s rainfall
having high coefficients for precip and predays and might be labelled as the
“wet weather” component. Component three is essentially a contrast between
precip and negtemp and will separate cities having high temperatures and
high rainfall from those that are colder but drier. A suitable label might be
simply “climate type”.

Attempting to label components in this way is common, but perhaps it
should be a little less common; the following quotation from Marriott (1974)
should act as a salutary warning about the dangers of overinterpretation:

It must be emphasised that no mathematical method is, or could be,
designed to give physically meaningful results. If a mathematical ex-
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pression of this sort has an obvious physical meaning, it must be at-
tributed to a lucky change, or to the fact that the data have a strongly
marked structure that shows up in analysis. Even in the latter case,
quite small sampling fluctuations can upset the interpretation; for ex-
ample, the first two principal components may appear in reverse order,
or may become confused altogether. Reification then requires consid-
erable skill and experience if it is to give a true picture of the physical
meaning of the data.

Even if we do not care to label the three components, they can still be used
as the basis of various graphical displays of the cities. In fact, this is often the
most useful aspect of a principal components analysis since regarding the
principal components analysis as a means of providing an informative view
of multivariate data has the advantage of making it less urgent or tempting
to try to interpret and label the components. The first few component scores
provide a low-dimensional “map” of the observations in which the Euclidean
distances between the points representing the individuals best approximate
in some sense the Euclidean distances between the individuals based on the
original variables. We shall return to this point in Chapter 4.

So we will begin by looking at the scatterplot matrix of the first three
principal components and in each panel show the relevant bivariate boxplot;
points are labelled by abbreviated city names. The plot and the code used to
create it are shown in Figure 3.9.

The plot again demonstrates clearly that Chicago is an outlier and suggests
that Phoenix and Philadelphia may also be suspects in this respect. Phoenix
appears to offer the best quality of life (on the limited basis of the six variables
recorded), and Buffalo is a city to avoid if you prefer a drier environment. We
leave further interpretation to the readers.

We will now consider the main goal in the researcher’s mind when col-
lecting the air pollution data, namely determining which of the climate and
human ecology variables are the best predictors of the degree of air pollution
in a city as measured by the sulphur dioxide content of the air. This ques-
tion would normally be addressed by multiple linear regression, but there is
a potential problem with applying this technique to the air pollution data,
and that is the very high correlation between the manu and popul variables.
We might, of course, deal with this problem by simply dropping either manu
or popul, but here we will consider a possible alternative approach, and that
is regressing the S02 levels on the principal components derived from the six
other variables in the data (see Figure 3.10). Using principal components in
regression analysis is discussed in detail in Jolliffe (2002); here we simply give
an example. The first question we need to ask is “how many principal compo-
nents should be used as explanatory variables in the regression?” The obvious
answer to this question is to use the number of principal components that
were identified as important in the original analysis; for example, those with
eigenvalues greater than one. But this is a case where the obvious answer is
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R> pairs(usair_pca$scores[,1:3], ylim = c(-6, 4), xlim = c(-6, 4),

+ panel = function(x,y, ...) {
+ text (x, y, abbreviate(row.names (USairpollution)),
+ cex = 0.6)
+ bvbox(cbind(x,y), add = TRUE)
+ »
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Fig. 3.9. Bivariate boxplots of the first three principal components.

not necessarily correct and, Jolliffe (2002) gives an example where there are
13 original explanatory variables and therefore 13 principal components to
consider, of which only the first four have variances greater than one. But
using all the principal components as explanatory variables shows that, for
example, component 12, with variance 0.04, is a significant predictor of the
response. So, bearing this example in mind, we will regress the S02 variables
on all six principal components; the necessary R code is given on page 92.
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R> out <- sapply(1:6, function(i) {
plot (USairpollution$S02,usair_pca$scores[,il,

+
+ xlab = paste("PC", i, sep = ""),
+ ylab = "Sulphur dioxide concentration")
+ »
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Fig. 3.10. Sulphur dioxide concentration depending on principal components.
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R> usair_reg <- 1m(S02 ~ usair_pca$scores,
+ data = USairpollution)
R> summary(usair_reg)

Call:
Im(formula = S02 ~ usair_pca$scores, data = USairpollution)

Residuals:
Min 1Q Median 3Q Max
-23.00 -8.54 -0.99 5.76 48.76

Coefficients:

Estimate Std. Error t value Pr(>|tl|)
(Intercept) 30.049 2.286 13.15 6.9e-15
usair_pca$scoresComp. 1 -9.942 1.5642 -6.45 2.3e-07
usair_pca$scoresComp.2  -2.240 1.866 -1.20 0.2384
usair_pca$scoresComp.3 -0.375 1.936 -0.19 0.8475
usair_pca$scoresComp.4  -8.549 2.622 -3.26 0.0025
usair_pca$scoresComp.5 15.176 6.753 2.25 0.0312
usair_pca$scoresComp.6  39.271 12.316 3.19 0.0031

Residual standard error: 14.6 on 34 degrees of freedom
Multiple R-squared: 0.67, Adjusted R-squared: 0.611
F-statistic: 11.5 on 6 and 34 DF, p-value: 5.42e-07

Clearly, the first principal component score is the most predictive of sul-
phur dioxide concentration, but it is also clear that components with small
variance do not necessarily have small correlations with the response. We leave
it as an exercise for the reader to investigate this example in more detail.

3.11 The biplot

A biplot is a graphical representation of the information in an n x p data
matrix. The “bi” reflects that the technique displays in a single diagram the
variances and covariances of the variables and the distances (see Chapter 1)
between units. The technique is based on the singular value decomposition of
a matrix (see Gabriel 1971).

A biplot is a two-dimensional representation of a data matrix obtained
from eigenvalues and eigenvectors of the covariance matrix and obtained as

o (V5 5) ().

where X is the “rank two” approximation of the data matrix X, A1 and A, are
the first two eigenvalues of the matrix nS, and q; and qs are the corresponding
eigenvectors. The vectors p; and ps are obtained as



3.12 Sample size for principal components analysis 93
1
PN

The biplot is the plot of the n rows of /n(p1,p2) and the ¢ rows of
n~2(v/A1q1, vV A2qz) represented as vectors. The distance between the points
representing the units reflects the generalised distance between the units (see
Chapter 1), the length of the vector from the origin to the coordinates rep-
resenting a particular variable reflects the variance of that variable, and the
correlation of two variables is reflected by the angle between the two corre-
sponding vectors for the two variables-the smaller the angle, the greater the
correlation. Full technical details of the biplot are given in Gabriel (1981)
and in Gower and Hand (1996). The biplot for the heptathlon data omitting
the PNG competitor is shown in Figure 3.11. The plot in Figure 3.11 clearly
shows that the winner of the gold medal, Jackie Joyner-Kersee, accumulates
the majority of her points from the three events long jump, hurdles, and 200
m. We can also see from the biplot that the results of the 200 m, the hurdles
and the long jump are highly correlated, as are the results of the javelin and
the high jump; the 800 m time has relatively small correlation with all the
other events and is almost uncorrelated with the high jump and javelin results.
The first component largely separates the competitors by their overall score,
with the second indicating which are their best events; for example, John,
Choubenkova, and Behmer are placed near the end of the vector, representing
the 800 m event because this is, relatively speaking, the event in which they
give their best performance. Similarly Yuping, Scheider, and Braun can be
seen to do well in the high jump. We shall have a little more to say about the
biplot in the next chapter.

Xqi; i=1,2.

3.12 Sample size for principal components analysis

There have been many suggestions about the number of units needed when
applying principal components analysis. Intuitively, larger values of n should
lead to more convincing results and make these results more generalisable.
But unfortunately many of the suggestions made, for example that n should
be greater than 100 or that n should be greater than five times the number
of variables, are based on minimal empirical evidence. However, Guadagnoli
and Velicer (1988) review several studies that reach the conclusion that it is
the minimum value of n rather than the ratio of n to ¢ that is most relevant,
although the range of values suggested for the minimum value of n in these
papers, from 50 to 400, sheds some doubt on their value. And indeed other
authors, for example Gorsuch (1983) and Hatcher (1994), lean towards the
ratio of the minimum value of n to g as being of greater importance and
recommend at least 5:1.

Perhaps the most detailed investigation of the problem is that reported in
Osborne and Costello (2004), who found that the “best” results from principal
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R> biplot (heptathlon_pca, col = c("gray", "black"))
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Fig. 3.11. Biplot of the (scaled) first two principal components (with observations
for PNG removed).

components analysis result when n and the ratio of n to g are both large. But
the actual values needed depend largely on the separation of the eigenvalues
defining the principal components structure. If these eigenvalues are “close
together”, then a larger number of units will be needed to uncover the structure
precisely than if they are far apart.

3.13 Canonical correlation analysis

Principal components analysis considers interrelationships within a set of vari-
ables. But there are situations where the researcher may be interested in
assessing the relationships between two sets of variables. For example, in psy-
chology, an investigator may measure a number of aptitude variables and a
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number of achievement variables on a sample of students and wish to say
something about the relationship between “aptitude” and “achievement”. And
Krzanowski (1988) suggests an example in which an agronomist has taken,
say, g1 measurements related to the yield of plants (e.g., height, dry weight,
number of leaves) at each of n sites in a region and at the same time may
have recorded go variables related to the weather conditions at these sites (e.g.,
average daily rainfall, humidity, hours of sunshine). The whole investigation
thus consists of taking (g1 + ¢2) measurements on n units, and the question of
interest is the measurement of the association between “yield” and “weather”.
One technique for addressing such questions is canonical correlation analysis,
although it has to be said at the outset that the technique is used less widely
than other multivariate techniques, perhaps because the results from such an
analysis are frequently difficult to interpret. For these reasons, the account
given here is intentionally brief.

One way to view canonical correlation analysis is as an extension of mul-
tiple regression where a single variable (the response) is related to a number
of explanatory variables and the regression solution involves finding the lin-
ear combination of the explanatory variables that is most highly correlated
with the response. In canonical correlation analysis where there is more than
a single variable in each of the two sets, the objective is to find the linear
functions of the variables in one set that maximally correlate with linear func-
tions of variables in the other set. Extraction of the coefficients that define
the required linear functions has similarities to the process of finding principal
components. A relatively brief account of the technical aspects of canonical
correlation analysis (CCA) follows; full details are given in Krzanowski (1988)
and Mardia et al. (1979).

The purpose of canonical correlation analysis is to characterise the inde-
pendent statistical relationships that exist between two sets of variables, x T =
(x1,72,...,24,) and 'y = (y1,¥2,.--,Yq,). The overall (q1 + g2) x (q1 + q2)
correlation matrix contains all the information on associations between pairs
of variables in the two sets, but attempting to extract from this matrix some
idea of the association between the two sets of variables is not straightfor-
ward. This is because the correlations between the two sets may not have a
consistent pattern, and these between-set correlations need to be adjusted in
some way for the within-set correlations. The question of interest is “how do
we quantify the association between the two sets of variables x and y?” The
approach adopted in CCA is to take the association between x and y to be the
largest correlation between two single variables, u; and vy, derived from x and
y, with u; being a linear combination of x1,x3,..., 2, and v; being a linear
combination of y1,¥ys,...,Yyq,. But often a single pair of variables (u1,v1) is
not sufficient to quantify the association between the x and y variables, and
we may need to consider some or all of s pairs (uy,v1), (ug, v2),..., (us, vs)
to do this, where s = min(qy, ¢2). Each wu; is a linear combination of the vari-
ables in x, u; = a; x, and each v; is a linear combination of the variables y,
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v; = by, with the coefficients (a;,b;) (i = 1...s) being chosen so that the
u; and v; satisfy the following:

1. The u; are mutually uncorrelated; i.e., Cov(u;,u;) = 0 for i # j.

2. The v; are mutually uncorrelated; i.e., Cov(v;,v;) = 0 for i # j.

3. The correlation between u; and v; is R; for i = 1...s, where Ry > Ry >
.-+ > Rg. The R; are the canonical correlations.

4. The w; are uncorrelated with all v; except v;; i.e., Cov(u;, v;) = 0 for ¢ # j.

The vectors a; and b;¢ = 1,...,s, which define the required linear combi-
nations of the  and y variables, are found as the eigenvectors of matrices
E1 (Q1 X Q1) (the ai) and EQ((]Q X QQ) (the bi), defined as

E; = R/ Ri2R, Roi, Ez = Ry RoiRy'Ruo,

where Ry is the correlation matrix of the variables in x, R is the correlation
matrix of the variables in y, and Rj15 = Reg; is the g1 X g2 matrix of correlations
across the two sets of variables. The canonical correlations Ry, Ro, ..., Rs are
obtained as the square roots of the non-zero eigenvalues of either E; or E,.
The s canonical correlations Ry, R, ..., Rs express the association between
the x and y variables after removal of the within-set correlation.

Inspection of the coefficients of each original variable in each canonical
variate can provide an interpretation of the canonical variate in much the same
way as interpreting principal components. Such interpretation of the canonical
variates may help to describe just how the two sets of original variables are
related (see Krzanowski 2010). In practise, interpretation of canonical variates
can be difficult because of the possibly very different variances and covariances
among the original variables in the two sets, which affects the sizes of the
coefficients in the canonical variates. Unfortunately, there is no convenient
normalisation to place all coefficients on an equal footing (see Krzanowski
2010). In part, this problem can be dealt with by restricting interpretation to
the standardised coefficients; i.e., the coefficients that are appropriate when
the original variables have been standardised.

We will now look at two relatively simple examples of the application of
canonical correlation analysis.

3.13.1 Head measurements

As our first example of CCA, we shall apply the technique to data on head
length and head breadth for each of the first two adult sons in 25 families
shown in Table 3.1. (Part of these data were used earlier in the chapter.) These
data were collected by Frets (1921), and the question that was of interest to
Frets was whether there is a relationship between the head measurements
for pairs of sons. We shall address this question by using canonical correla-
tion analysis. Here we shall develop the canonical correlation analysis from
first principles as detailed above. Assuming the head measurements data are
contained in the data frame headsize, the necessary R code is
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R> headsize.std <- sweep(headsize, 2,

+ apply (headsize, 2, sd), FUN = "/")
R> R <- cor(headsize.std)

R> ri11 <- R[1:2, 1:2]

R> r22 <- R[-(1:2), -(1:2)]

R> r12 <- R[1:2, -(1:2)]

R> r21 <- R[-(1:2), 1:2]

R> (E1 <- solve(rll) }*}) r12 }*j} solve(r22) J*jr21)

headl breadthl
headil 0.3225 0.3168
breadthl 0.3019 0.3021

R> (E2 <- solve(r22) }*} r21 }*) solve(rill) }*jri2)

head2 breadth2
head?2 0.3014 0.3002
breadth2 0.3185 0.3232

R> (el <- eigen(E1))

$values
[1] 0.621745 0.002888

$vectors

[,1] [,2]
[1,1 0.7270 -0.7040
[2,] 0.6866 0.7102

R> (e2 <- eigen(E2))

$values
[1] 0.621745 0.002888

$vectors

[,1] [,2]
[1,] -0.6838 -0.7091
[2,] -0.7297 0.7051

Here the four linear functions are found to be

up = +0.73z1 + 0.6925,
ug = —0.70z1 + 0.71x,,
v1 = —0.68z3 — 0.73x4,
vy = —0.71x3 + 0.7124.

R> girthl <- headsize.std[,1:2] 7*} el$vectors[,1]
R> girth2 <- headsize.std[,3:4] J)*) e2$vectors[,1]

97
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R> shapel <- headsize.std[,1:2] J}*J} el$vectors[,2]
R> shape2 <- headsize.std[,3:4] 7*J, e2$vectors/[,2]
R> (g <- cor(girthl, girth2))

[,1]
[1,] -0.7885

R> (s <- cor(shapel, shape2))

[,1]
[1,] 0.05374

R> plot(girthl, girth2)
R> plot (shapel, shape2)
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Fig. 3.12. Scatterplots of girth and shape for first and second sons.

The first canonical variate for both first and second sons is simply a
weighted sum of the two head measurements and might be labelled “girth”;
these two variates have a correlation of —0.79. (The negative value arises be-
cause of the arbitrariness of the sign in the first coefficient of an eigenvector—
here both coefficients for girth in first sons are positive and for second sons
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they are both negative. The correlation can also be found as the square root
of the first eigenvalue of E1 (and E2), namely 0.6217.) Each second canonical
variate is a weighted difference of the two head measurements and can be in-
terpreted roughly as head “shape”; here the correlation is 0.05 (which can also
be found as the square root of the second eigenvalue of E1, namely 0.0029).
(Girth and shape are defined to be uncorrelated bioth within and between
first and second sons.)

In this example, it is clear that the association between the two head
measurements of first and second sons is almost entirely expressed through
the “girth” variables, with the two “shape” variables being almost uncorre-
lated. The association between the two sets of measurements is essentially
one-dimensional. A scatterplot of girth for first and second sons and a similar
plot for shape reinforce this conclusion. Both plots are shown in Figure 3.12.

3.13.2 Health and personality

We can now move on to a more substantial example taken from Affifi, Clark,
and May (2004) and also discussed by Krzanowski (2010). The data for this
example arise from a study of depression amongst 294 respondents in Los An-
geles. The two sets of variables of interest were “health variables”, namely the
CESD (the sum of 20 separate numerical scales measuring different aspects of
depression) and a measure of general health and “personal” variables, of which
there were four: gender, age, income, and educational level (numerically coded
from the lowest “less than high school”; to the highest, “finished doctorate”).
The sample correlation matrix between these variables is given in Table 3.3.

Table 3.3: LAdepr data. Los Angeles Depression Data.

CESD Health Gender Age Edu Income
1.000 0.212 0.124-0.164 -0.101 -0.158
0.212 1.000 0.098 0.308 -0.207 -0.183
0.124 0.098 1.000 0.044 -0.106 -0.180
-0.164 0.308 0.044 1.000-0.208 -0.192
-0.101 -0.207 -0.106 -0.208 1.000 0.492
-0.158 -0.183 -0.180-0.192 0.492 1.000

Here the maximum number of canonical variate pairs is two, and they can be
found using the following R code:
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R> r11 <- LAdepr[1:2, 1:2]

R> r22 <- LAdepr[-(1:2), -(1:2)]

R> ri12 <- LAdepr[1:2, -(1:2)]

R> r21 <- LAdepr[-(1:2), 1:2]

R> (E1 <- solve(rill) J}*} ri2 ¥}, solve(r22) J*jr21)

CESD Health
CESD 0.08356 -0.04312
Health -0.03256 0.13338

R> (E2 <- solve(r22) }*}, r21 }*) solve(rll) J}*jri2)

Gender Age Edu Income
Gender 0.015478 -0.001483 -0.01813 -0.02224
Age -0.002445 0.147069 -0.03981 -0.01599
Edu -0.014915 -0.026019 0.02544 0.02508

Income -0.021163 0.013027 0.02159 0.02895
R> (el <- eigen(E1))

$values
[1] 0.15347 0.06347

$vectors

[,1] [,2]
[1,] 0.5250 -0.9065
[2,] -0.8511 -0.4222

R> (e2 <- eigen(E2))

$values
[1] 1.535e-01 6.347e-02 -8.760e-18 6.633e-19

$vectors

[,1] [,2] [,3] [,4]
[1,1 -0.002607 0.4904 -0.4617 0.79705
[2,] -0.980095 -0.3208 -0.1865 0.06251
[3,] 0.185801 -0.4270 -0.7974 -0.05817
[4,] -0.069886 -0.6887 0.3409 0.59784

(Note that the third and fourth eigenvalues of E2 are essentially zero, as we
would expect in this case.) The first canonical correlation is 0.409, calculated
as the square root of the first eigenvalue of E1, which is given above as 0.15347.
If tested as outlined in Exercise 3.4, it has an associated p-value that is very
small; there is strong evidence that the first canonical correlation is significant.
The corresponding variates, in terms of standardised original variables, are

u; = +0.53 CESD — 0.85 Health
v1 = —0.00 Gender — 0.98 Age + 0.19 Education — 0.07 Income .
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High coefficients correspond to CESD (positively) and health (negatively)
for the perceived health variables, and to Age (negatively) and Education
(positively) for the personal variables. It appears that relatively older and
medicated people tend to have lower depression scores, but perceive their
health as relatively poor, while relatively younger but educated people have
the opposite health perception. (We are grateful to Krzanowski 2010, for this
interpretation.)

The second canonical correlation is 0.261, calculated as the square root
of the second eigenvalue, found from the R output above to be 0.06347; this
correlation is also significant (see Exercise 3.4). The corresponding canonical
variates are

u; = —0.91 CESD — 0.42 Health
vy = +0.49 Gender — 0.32 Age — 0.43 Education — 0.69 Income .

Since the higher value of the Gender variable is for females, the interpretation
here is that relatively young, poor, and uneducated females are associated with
higher depression scores and, to a lesser extent, with poor perceived health
(again this interpretation is due to Krzanowski 2010).

3.14 Summary

Principal components analysis is among the oldest of multivariate techniques,
having been introduced originally by Pearson (1901) and independently by
Hotelling (1933). It remains, however, one of the most widely employed meth-
ods of multivariate analysis, useful both for providing a convenient method
of displaying multivariate data in a lower dimensional space and for possibly
simplifying other analyses of the data. The reduction in dimensionality that
can often be achieved by a principal components analysis is possible only if the
original variables are correlated; if the original variables are independent of
one another a principal components analysis cannot lead to any simplification.

The examples of principal components analysis given in this chapter have
involved variables that are continuous. But when used as a descriptive tech-
nique there is no reason for the variables in the analysis to be of any particular
type. So variables might be a mixture of continuous, ordinal, and even binary
variables. Linear functions of continuous variables are perhaps easier to inter-
pret than corresponding functions of binary variables, but the basic objective
of principal components analysis, namely to summarise most of the “variation”
present in the original ¢ variables, can be achieved regardless of the nature of
the observed variables.

The results of a canonical correlation analysis have the reputation of often
being difficult to interpret, and in many respects this is a reputation that
is well earned. Certainly one has to know the variables very well to have
any hope of extracting a convincing explanation of the results. But in some
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circumstances (the heads measurement data is an example) CCA can provide
a useful description and informative insights into the association between two
sets of variables.

Finally, we should mention a technique known as independent component
analysis (ICA), a potentially powerful technique that seeks to uncover hidden
variables in high-dimensional data. In particular, ICA is often able to separate
independent sources linearly mixed in several sensors; for example, in prenatal
diagnostics a multichannel electrocardiogram (ECG) may be used to record a
mixture of maternal and foetal electrical activity, including foetal heart rate
and maternal heart rate. However, the maternal ECG will be much stronger
than the foetal signal, and the signal recorded is also likely to be affected by
other sources of electrical interference. Such data can be separated into their
component signals by ICA, as demonstrated in Izenman (2008).

Similar mixtures of signals arise in many other areas, for example monitor-
ing of human brain-wave activity and functional magnetic resonance imaging
experiments, and consequently ICA has become increasingly used in such ar-
eas. Details of the methods are given in Hyvérinen (1999) and Hyvirinen,
Karhunen, and Oja (2001). Interestingly, the first step in analysing multivari-
ate data with ICA is often a principal components analysis. We have chosen
not to describe ICA in this book because it is technically demanding and
also rather specialised, but we should mention in passing that the method is
available in R via the add-on package fastICA (Marchini, Heaton, and Ripley
2010).

3.15 Exercises

Ex. 3.1 Construct the scatterplot of the heptathlon data showing the contours
of the estimated bivariate density function on each panel. Is this graphic
more useful than the unenhanced scatterplot matrix?

Ex. 3.2 Construct a diagram that shows the S02 variable in the air pollution
data plotted against each of the six explanatory variables, and in each
of the scatterplots show the fitted linear regression and a fitted locally
weighted regression. Does this diagram help in deciding on the most ap-
propriate model for determining the variables most predictive of sulphur
dioxide levels?

Ex. 3.3 Find the principal components of the following correlation matrix
given by MacDonnell (1902) from measurements of seven physical char-
acteristics in each of 3000 convicted criminals:
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Head length 1.000
Head breadth 0.402 1.000
Face breadth 0.396 0.618 1.000

R = Left finger length 0.301 0.150 0.321 1.000
Left forearm length | 0.305 0.135 0.289 0.846 1.000
Left foot length 0.339 0.206 0.363 0.759 0.797 1.000
Height 0.340 0.183 0.345 0.661 0.800 0.736 1.000

How would you interpret the derived components?

Ex. 3.4 Not all canonical correlations may be statistically significant. An
approximate test proposed by Bartlett (1947) can be used to deter-
mine how many significant relationships exist. The test statistic for
testing that at least one canonical correlation is significant is #% =
—{n—3(q1 + ¢+ 1)} >, log(1—\;), where the \; are the eigenvalues
of E; and E. Under the null hypothesis that all correlations are zero, &3
has a chi-square distribution with g1 x go degrees of freedom. Write R code
to apply this test to the headsize data (Table 3.1) and the depression
data (Table 3.3).

Ex. 3.5 Repeat the regression analysis for the air pollution data described
in the text after removing whatever cities you think should be regarded
as outliers. For the results given in the text and the results from the
outliers-removed data, produce scatterplots of sulphur dioxide concentra-
tion against each of the principal component scores. Interpret your results.



4

Multidimensional Scaling

4.1 Introduction

In Chapter 3, we noted in passing that one of the most useful ways of using
principal components analysis was to obtain a low-dimensional “map” of the
data that preserved as far as possible the Euclidean distances between the ob-
servations in the space of the original ¢ variables. In this chapter, we will make
this aspect of principal component analysis more explicit and also introduce
a class of other methods, labelled multidimensional scaling, that aim to pro-
duce similar maps of data but do not operate directly on the usual multivariate
data matrix, X. Instead they are applied to distance matrices (see Chapter 1),
which are derived from the matrix X (an example of a distance matrix de-
rived from a small set of multivariate data is shown in Subsection 4.4.2), and
also to so-called dissimilarity or similarity matrices that arise directly in a
number of ways, in particular from judgements made by human raters about
how alike pairs of objects, stimuli, etc., of interest are. An example of a di-
rectly observed dissimilarity matrix is shown in Table 4.5, with judgements
about political and war leaders that had major roles in World War II being
given by a subject after receiving the simple instructions to rate each pair of
politicians on a nine-point scale, with 1 indicating two politicians they regard
as very similar and 9 indicating two they regard as very dissimilar. (If the
nine point-scale had been 1 for very dissimilar and 9 for very similar, then the
result would have been a rating of similarity, although similarities are often
scaled to lie in a [0, 1] interval. The term prozimity is often used to encompass
both dissimilarity and similarity ratings.)

4.2 Models for proximity data

Models are fitted to proximities in order to clarify, display, and help under-
stand and possibly explain any structure or pattern amongst the observed or
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